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The fact that string theory is able to provide a successful microscopic description 
of certain black holes provides strong evidence that it is a consistent theory of quantum 
gravity. Correctly reproducing the Bekenstein-Hawking entropy formula S = A/4G from 
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an explicit sum over states indicates that the right microscopic degrees of freedom have 
been identified. Since string theory also reduces to conventional general relativity (coupled 
to matter) at low energy, it seems to provide us with a coherent theory encompassing both 
the microscopic and macroscopic regimes. Needless to say, however, there is still much to 
be learned about the full implications of string theory for quantum gravity. 

One approach to deepening our understanding is to examine the string theory de- 
scription of black holes with improved precision. This program has been highly fruitful so 
far. The earliest successful black hole entropy matches, following [1], appeared somewhat 
miraculous, the emergence of the Bekenstein-Hawking formula from the microscopic side 
not becoming apparent until all the last numerical factors were accounted for. The precise 
agreement seemed even more astonishing once additional features like rotation and non- 
extremality were included. It was eventually understood that the essential ingredients on 
the two sides are the near horizon AdS region of the black hole geometry, and the low en- 
ergy CFT describing the underlying branes, and this (among other observations) led to the 
celebrated AdS/CFT correspondence [2]. This improved understanding largely demystifies 
the nature of the entropy matching, as we'll discuss in these lectures. One of our goals 
here will be to show how just a few basic features, like the existence of a near horizon AdS 
region with the appropriate symmetries, is enough to make the agreement manifest, even 
in rather complicated contexts, and including incorporating subleading corrections to the 
area law formula. 

A survey of the examples in which there is a precise microscopic accounting of black 
entropy reveals the near ubiquitous appearance of a near horizon AdSa factor (possibly 
after a suitable duality transformation).^ In these examples the dual theory is a two- 
dimensional CFT, for which there are powerful results constraining the spectrum of states. 
By contrast, in other examples such as AdSs black holes, it has so far only been possible 
to compute the entropy up to at best numerical factors. For this reason, here we will be 
focussing on AdSs examples. 

The AdS3/CFT2 correspondence can be stated as an equivalence between partition 
functions 

ZAdS = ZcFT ■ (1-1) 

The connection with black hole entropy arises when we examine this relation in the high 
energy regime, where the left hand side is dominated by an asymptotically AdSs black 

^ For a recent example without such an AdSa factor see [3] . But note that in this example the 
microscopic counting is not under complete control, and interestingly still involves relating the 
system to another system which does have an AdSa region. 
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hole: the BTZ black hole [4]. General properties of conformal field theories imply that 
the asymptotic density of states will agree between the two sides, as we'll discuss in what 
follows 

A more ambitious goal is to try to demonstrate exact agreement in (1.1). On the 
gravitational side this will involve incorporating many new contributions beyond that of a 
single large black hole. One way to think of defining ZAdS is as a Euclidean path integral. 
At finite temperature the contributing Euclidean geometries should have a boundary that 
is a two-dimensional torus, to match with the standard finite temperature description of 
the boundary CFT. A typical bulk geometry that is thereby included is one whose topology 
is a three-dimensional solid torus. Such a geometry appears in the path integral weighted 
by its Euclidean action, which includes (if we are trying to be exact) contributions from 
an infinite series of higher derivative terms in the spacetime Lagrangian. That is not 
all though, since we also need to include all possible excitations on top of the geometry, 
allowing for particle, string, and brane states that can wind around the solid torus. After 
all these contributions have been taken into account one can hope to match to the exact 
CFT partition function. 

In these notes we will discuss to what extent this program can be carried out. This will 
involve a careful study of gravity in asymptotically AdSa spacetimes, and its string theory 
realization. We organize our presentation by starting with a fairly generic setup and then 
becoming progressively more specific. As we'll see, once we start adding more structure, 
like supersymmetry, to the problem, and refine our definitions of the partition functions in 
(1.1), it is possible to go a significant distance in demonstrating exact agreement between 
the gravitational and CFT descriptions. 

Let us describe the outcome of our analysis in a bit more detail. In a two-dimensional 
CFT we have independent temperatures for the left and right movers; we label the inverse 
left(right) moving temperature as r ~ 1/Tl (t ~ l/Tn). Further, in the CFT there 
is a spectrum of left and right moving conserved charges, and we can turn on chemical 
potentials for these charges, zj and zj. Allowing for nonzero potentials lets us study 
charged black holes. To study black hole entropy we are interested in the high temperature 
behavior of the partition function, and we will see that it has the structure 

lnZ=7(^-2C"-.^.)-f(H-2'5"^-^^) (1.2) 
+ exponentially suppressed terms . 

Here c and c are the left and right moving central charges, and C^^ and C^^ are matrices 
appearing in the CFT current algebra. On the gravity side, if we use the two-derivative 
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approximation to the spacetime action, and discard the exponentially small terms, we 
will reproduce the area law for the entropy of a general rotating, charged black hole. 
But we can go considerably further: the parameters c, etc., can be computed exactly by 
relating them to anomalies. The corrections to these parameters encode the effect of higher 
derivative terms in the spacetime action, and lead to corrections to the area law. Indeed, 
by transforming (1.2) into an expression for the degeneracy as a function of charges (i.e. 
relating the canonical ensemble to the microcanonical ensemble via a Laplace transform) we 
deduce a series oil/Q corrections to the degeneracy, as in [5] . The suppressed terms in the 
second line of (1.2) will arise, in the gravitational description, from including fluctuations 
around black hole geometries, and from summing over inequivalent black holes. 

As we proceed, it will become clear that terms on the first and second lines of (1.2) 
are of a rather different nature. The top line can be established on general grounds, 
using the relation to anomalies. In particular, this can be achieved even for non-BPS and 
nonextremal black hole, and so a class of area law corrections for such black holes are under 
excellent control.^ Also, our method of derivation will make it manifest that the black hole 
and CFT entropies agree in these cases. The second line of (1.2), however, is much more 
context dependent, and further can only be computed explicitly when we define Z to be a 
super symmetric partition function (an index). 

In section 2 we begin with pure gravity in asymptotically AdSa spacetimes. We 
review how to properly define the gravitational action by including boundary terms, and 
then review the construction of the boundary stress tensor dual to the stress tensor of 
the CFT. In two-derivative gravity, this stress tensor obeys a Virasoro algebra with the 
central charge of Brown and Henneaux [6] . We then generalize to higher derivative theories 
of gravity, and show how to obtain the generalized central charge. It turns out that the 
central charge can be found by a simple extremization principle. With these results in 
hand, we turn to computing the entropy of BTZ black holes in general higher derivative 
theories. A crucial role here is played by the construction of BTZ as a quotient of AdS, 
and its relation to a thermal AdS geometry via a modular transformation. This analysis 
will establish the agreement between the black hole and CFT entropies once the central 
charges have been shown to agree. 

In section 3 we add gauge fields into the mix and show how these are dual to currents 

^ Here we mean that we can consider non-supersymmetric black hole solutions to an under- 
lying supersymmetric theory. Corrections can be computed also for theories with no underlying 
supersymmetry (as we'll discuss in section 2) but explicit knowledge of the full Lagrangian is 
needed in these cases. 
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in the boundary CFT. A central role is played by bulk Chern-Simons terms, since these 
turn out to completely determine the currents. Turning on flat connections for our gauge 
fields allows us to incorporate charged black holes. We then discuss the role of a Chern- 
Simons term for the gravitational field, and show how it is used to deduce the difference 
between the central charges of the left and right moving sectors of the CFT. 

The two specific string theory constructions that we'll consider are reviewed in section 
4: the D1-D5 system giving rise to five-dimensional black holes with near horizon geometry 
AdSa xS'^, and wrapped M5-branes yielding four-dimensional black holes with near horizon 
geometry AdSs x S'^. To read off the exact central charges for these systems we will use a 
combination of anomalies and supersymmetry. In particular, this will allow us to derive the 
exact corrections to the classical central charges, and hence derive a class of corrections 
to the black hole area law. The main emphasis is in showing how these exact results 
can be obtained even without knowing the explicit form of all higher derivative terms in 
the spacetime action. A nice application of this formalism is to small black holes dual 
to fundamental heterotic strings, and we will show how to derive the worldsheet central 
charges from gravity. 

In sections 5-8 we turn to the computation of the full partition function from the 
gravitational point of view. In order to have a chance of making an exact computation we 
focus on the elliptic genus, which is a particular partition function invariant under smooth 
deformations of the theory, due to bose-fermi cancellations. We review its main properties 
in section 5, and then show in sections 6 and 7 how these properties emerge in the gravity 
description. Much of our discussion will follow the work of Dijkgraaf et. al. [7] on the 
"Farey tail" description of the elliptic genus for the D1-D5 system. This gives a beautiful 
example of the matching between the CFT and gravity versions of the elliptic genus, 
including the effects of summing over geometries. Section 8 shows how to incorporate the 
effects of BPS excitations of top of the background geometries being summed over in the 
path integral. These include both supergravity fluctuations from Kaluza-Klein reduction, 
as well as non-perturbative brane states. In our brief discussion of the latter, following [8] 
we note how the appearance of both branes and anti-brane BPS states leads to the OSV 
formula [9] relating the AdS partition function to that of the topological string. 

General references: 

In these lectures we focus on one particular aspect of black hole physics, namely the 
computation of the entropy/partition function of AdSa black holes, and our presentation 
is based mainly on [10,11]. There are of course many other major issues that we will not 
touch on substantially, such as the information paradox, the black hole singularity, and 
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black holes in other dimensions. There are a number of excellent pedagogical treatments 
of various aspects of black holes in string theory that complement the material discussed 
here. An incomplete list is [12,13,14,15,16,17,18]. 



2. Gravity in asymptotically AdSs spacetimes 

2.1. Action and stress tensor 

In this section we consider pure gravity in three dimensions in the presence of a 
negative cosmological constant. This theory is described by an Einstein-Hilbert action 
supplemented by boundary terms 

^^itcj ^'^^^^^ - |) + ^bndy . (2.1) 

The need for, and explicit form of, the boundary terms in the action will become clear 
as we proceed. We work in Euclidean signature, and follow the curvature conventions of 
Misner, Thorne, and Wheeler. 

One solution of the equations of motion is AdSa, 

ds^ = (1 + rVf)dt^ + + r^dcl>^ . (2.2) 

AdSs is homogeneous space of constant negative curvature. It has maximal symmetry, 
the isometry group being SL{2,C) = SL{2,R)l x SL{2,R)ii as will be reviewed later. 
The metric (2.2) is written in so-called global coordinates that cover the entire manifold. 
AdSa will play the role of the vacuum of our theory, in that it has the lowest mass of any 
solution. In fact, we'll see that it is natural to assign it the negative mass M = 

A more general one-parameter family of solutions is the non-rotating BTZ black hole 

[4], 

ds^ = ^ ^p^dt'' + , ^ ^. dr^ + r^dcf? . (2.3) 

(r^ — r^) 

After rotating to Lorentzian signature it is evident that this describes a black with event 
horizon at r = r+, and Bekenstein-Hawking entropy 

Note that if we set r\ = —£'^ we recover (2.2). The black hole solution (2.3) can be further 
generalized by adding charge and rotation; we will have much more to say about this. 
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By examining the large r behavior, it is apparent that the solution (2.3) asymptotically 
approaches AdSs. We now want to state the precise conditions under which a metric can be 
said to be asymptotically AdSa. This is a standard type of question in general relativity, 
and can be approached from different viewpoints. Our focus will be on demanding the 
existence of a well defined action and variational principle. A motivation for this from 
the point of view of AdS/CFT is that the action takes on a well defined meaning as 
giving, in a suitable semiclassical limit, the partition function of the CFT; indeed this is 
essentially the fundamental definition of the AdS/CFT correspondence. We would also 
like to include as large a class of metrics as possible. Furthermore, we have the freedom 
to adjust the boundary terms in (2.1) to make the action finite and stationary when the 
Einstein equations are satisfied. 

To analyze this problem it is convenient to work in coordinates where the metric takes 
the form (Gaussian normal coordinates) 

ds'^ = drf + Qijdx^dx^ . (2.5) 

Here gij is an arbitrary function of a;* (* = 1, 2) and the radial coordinate 77. The allowed 
values of r] are unbounded from above, although there may be a minimal value imposed 
by smoothness considerations. Now, it is apparent that the action written in (2.1) will 
diverge due to the large r] integration, and so we regulate the integral by imposing a cutoff 
at some fixed value of 77, which we eventually hope to take to infinity. 

In terms of (2.5) the bulk term in the action (2.1) appears as, after an integration by 
parts, 

Ieh = J d'x drj^ + {TrKf - TrK^ - 2A^ - J^^d^x^TrK , (2.6) 

where R^'^^ is the Ricci scalar associated with gij. K is the extrinsic curvature, defined as 

Kij = \dr,gij . (2.7) 

All indices are raised and lowered by gij and its inverse. 

The variation of the boundary term contains a contribution 6dngij- This term spoils a 
variational principle in which wc hold fixed the induced metric on dAi, but not its normal 
derivative. This is rectified by adding to the action the Gibbons-Hawking term 

Igh^^ [ d^Xy^TtK . (2.8) 

We now consider the variation of the action with respect to g^j. The variation will 
consist of two terms: a bulk piece that vanishes when the equations of motion are satisfied. 
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and a boundary piece. Assuming that the equations of motion are satisfied, a simple 
computation gives 



SilEH + Igh) = - [ d'^x^ (K'^ - TTKg'^)Sgij . (2.9) 

The boundary stress tensor (which in the AdS/CFT correspondence is dual to the CFT 
stress tensor) is defined in terms of the variation as 

5I= \ ! (fx^THgi^ , (2.10) 

JdM 

and so we have at this stage 

= -:^{K^' -TvKg^^) , (2.11) 

which is a result derived by Brown and York [19]. Although we derived this result in the 
coordinate system (2.1), the result (2.11) is valid in any coordinate system, where gij is 
the induced metric on the boundary, and Kij is the extrinsic curvature. 

We now incorporate the specific features of asymptotically AdS spacetimes, which will 
require the addition of a second boundary term. From the basic solutions (2.2)-(2.3) it 
is evident that we should allow metrics that grow as at infinity. Translating to the r] 
coordinate, this implies a growth e^"^!^ . By studying the Einstein equations one finds that 
the general solution has sublcading terms down by powers of e"^''/^. We therefore write a 
"Fefferman- Graham expansion" [20] for the metric as 

<)« = e^'"'9™+9f + ... . (2.12) 

Omitted terms fall off at least as e~'^l^. g^j^ is the "conformal boundary metric"; it is 
clearly defined only up to Weyl transformations induced by a redefinition of r/. It is this 
metric that we wish to identify with the metric of the boundary CFT. 

Given g^j \ the subleading terms in the expansion (2.12) are found by solving Einstein's 
equations. Here we just note the following important relation that arises (see e.g. [21]): 

TV(^(2)) ^ 1^2^(0) ^ (2.13) 

where indices are lowered and raised with g^j^ and its inverse g^^^'^^ . 

Upon removal of the large rj regulator, it is clear the g^^^ plays the role of the boundary 
metric, and so it is natural to seek a variational principle in which g'^^ is held fixed, while 
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the subleading parts of (2.12) are allowed to vary.^ However, our action I eh + Igh fails 
on two counts. First, using (2.9) it is not hard to check that the variation of appears 
explicitly, and second that (2.9) diverges in the large r] limit. Both of these problems are 
solved by adding to the action the "counterterm" [22,23] 



[ d^x^ . (2.14) 

JdM 



8ttG£ JdM 

Once this is included, it is straightforward to check that the on-shell variation of the action 
takes the form 

51 =\ Jd^xVg^T^^Sglf , (2.15) 

with 

This is our AdSs stress tensor. The stress tensors for higher dimensional spacetimes can 
be found in the literature [23,24], and additional related work appears in [25,21,26,27,28]. 
Note that the stress tensor has a nonzero trace [22] , 

where we used (2.13). This is the Weyl anomaly. In fact, the stress tensor defined here 
obeys all the properties of a stress tensor in CFT, and we can thereby read off the central 
charge by comparing to the standard form of the Weyl anomaly, Tr(T) = —^^R- This 
gives the central charge originally derived by Brown and Henneaux [6], 

In the absence of the Weyl anomaly we can think of (7(0) as specifying a conformal 
class of metrics, and the action is independent of the particular representative we choose. 
But when the Weyl anomaly is nonvanishing we need to choose a specific representative. 
Another way to understand the Weyl anomaly is that although we succeeded in making 
the variation (2.15) finite, it is not hard to check that the action itself can suffer from a 
divergence linear in i]. To cancel this divergence we are forced to add another counterterm 
that depends explicitly (and linearly) on our large r] cutoff. The Weyl anoomaly can then 
be read off from the transformation of this term under a shift in the cutoff. 



In higher dimensional AdS spacetimes a finite number of subleading terms are determined 

,(0) 
1-j 



algebraically in terms of g^^\ and are therefore also kept fixed. See, e.g., [21] 
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2.2. Virasoro generators 

To simplify the discussion, it is now convenient to take g^j^ to be a fiat metric on 
the cyhnder and to work in complex coordinates. We thus take g^^^dx^dx^ = dwdw with 
w = w + 27r. When we write w = ai + ia2 we'll think of a2 as the imaginary time direction. 
The stress tensor now has components 

^ -o(2) T— - ^ g^^^ (2 19) 



Tww (T^ww) is holomorphic (anti-holomorphic) as a consequence of the Einstein equations. 
The Virasoro generators are defined in the usual fashion as contour integrals 



Ln - ^Sn,o = jdw e^'^T^ . 



■' (2.20) 



Looking ahead, we have allowed for an independent rightmoving central charge c, although 
at this stage c = c. The generators obey the Virasoro algebra 

[Lm, Ln] = (to - n)Lm+n + J^(to^ " m)5m+n , (2.21) 

and likewise for the L^. To establish this one studies the transformation of the stress tensor 
under the coordinate transformations that preserve the form of g^*^"^ . The infinitesimal 
transformation law is then used to derive the algebra (2.21). 

Mass and angular momentum in AdSs are related to the Virasoro charges as 

^o-^ = |(M£-J) , Lo-^ = |(M£ + J). (2.22) 

As a simple example consider the BTZ metric (2.3). We find gww = g^ = r'^/4:, and 
hence 

Lo = L„ = ^(l + ^), (2.23) 

or 

M = ^, J = 0. (2.24) 

Note that the pure AdSs metric (2.2) has Lq = Lq = 0, which is simply a consequence 
of its invariance under the SL{2,M.)l x 5'L(2,R)fl group of isometries generated by I/o,±i 
and Lo,±i- 
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2.3. Generalization to higher derivative theories [29], [30], [10] 

In the preceding we have been working with a two derivative action. In the context 
of string theory, or any other sensible approach to quantum gravity, this wiU just be the 
leading part of a more general effective action containing terms with arbitrary numbers 
of derivatives. If we are to make precise statements about such physical quantities as 
black hole entropy we need a systematic way of including the effect of higher derivative 
terms. For example, we no longer expect the entropy-area relation S = A /AG to hold 
in the general case. On the face of it, even if we knew the explicit form of the action it 
would seem to be highly nontrivial to repeat the previous analysis and extract physical 
quantities. But in fact the problem is much easier than it first appears. 

Using the fact that in three dimensions the Riemann tensor can be expressed in terms 
of the Ricci tensor, we may write an arbitrary higher derivative action as 

/ = / d^x^Cigf^", V^, R^,) + hndy . (2.25) 

In fact, there is one additional term that can be added, a gravitational Chern-Simons term 
related to the possibility of c ^ c, that is being suppressed in (2.25). We will come back 
to it later. 

We now ask how to derive the generalized version of the central charge formula (2.18). 
Because AdSa is maximally symmetric we know that it will be a solution of our higher 
derivative theory, but we need to determine the length scale £. To proceed, we write pure 
AdSs in the following coordinates 

ds^ = f {drf + sinh^ r]dnl) , (2.26) 

so that I only appears as an overall factor. In (2.26) i is of course a constant, but to 
determine its value it is useful to consider a local variation of compact support, £ 
£ + 5£{x). When the equations of motion are satisfied the action should be stationary 
under such a variation. The variation of the action computed around (2.26) takes a very 
simple form as follows from the fact that all tensorial quantities are covariantly constant 
on AdSs. A moments thought then shows that the variation takes the form 

SI = J d'x ^ i^C) S£ix) . (2.27) 

So the equations of motion imply that should be at an extremum with respect to 

rigid variations of £. Given the explicit form of C we then need "only" solve an algebraic 
equation to determine £. 
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Now we turn to the determination of the central charge. Conformal invariance imphes 
the general relation Tr(T) = — ^l^-R*'^^- Consider (2.15) in the context of an infinitesimal 
Weyl transformation, Sgjj^ = 25u}g^\ applied to a metric whose boundary is conformal to 

SI = IJ d'xV^ THg^^ = -^5u j d\^) = ~5u . (2.28) 

To extract c we evaluate (2.25) on the metric (2.26). £ is a constant on this solution since 
AdSs is homogeneous, and so 



4G 



j dr] sinh^ r] + hndy ■ (2.29) 



The integration is divergent at large r] and so we impose a cutoff i] < r]max and write 
/ dr] sinh^ i] = —^r]max + \ sinh(277m.ax)- Now, Ihndy is built out of the induced metric on 
the boundary. Assuming it is local, we can arrange it to subtract off the smh{2r]max) term 
but not the linear term. Indeed, as we discussed below (2.18) the linear divergence is the 
Weyl anomaly, which (like all anomalies) cannot be subtracted by local counterterms. So 
even after adding hndy the action diverges as 

Idiv — '^Q^max ■ (2.30) 

Next, observe that a shift of r]max implements a Weyl transformation, 5uj = Sr]max- 

We 

can therefore equate (2.28) with the variation of (2.30) to obtain^ [29,10] 

c=^. (2.31) 

Recall that C should be evaluated at the extremum of ^/gC. But given (2.26) we see that 
^/gJC (X i^C, so wc can equally well say that we are extremizing c. We have now derived 
the c-extremization principle: the central charge is obtained by the value of (2.31) at its 
extremum. 

Another version of (2.31) is also useful. Extremization of ^/gC implies 

3£ + 2£2_=0. (2.32) 

Since all covariant derivatives vanish on the background we can ignore them for the pur- 
poses of this computation and write C — jC{g^'^, R/j,^). Given (2.26) we have that £^ appears 



^ Note that Ref. [29] also considers the effect of higher derivatives on conformal anomalies in 
higher dimensions. 
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in g'^'^ but not in This together with the fact that all indices in jC must be contracted, 
implies 

where we also used R/j,,^ = jig^xu for (2.26). Using (2.32) and (2.33) we can rewrite (2.31) 
as [30,10] 

This is the most convenient form for the AdSa central charge. As a quick check, if we 
return to the action (2.1) we find = g^""" and so we recover the Brown-Henneaiix 

central charge, c = M/2G. 

We will now show how to use this result to derive the entropy of a BTZ black hole in 
a general higher derivative theory of gravity. 

2.^. Thermal AdS partition function 

The AdS/CFT correspondence is fundamentally a relation between partition functions 

^Ads(^^°) = ZcFTig^'^^) . (2.35) 

Here we have just indicated the dependence on the metric, although more generally other 
data will enter in as well. Modulo the Weyl anomaly, g^^^ labels a conformal class of 
boundary metrics. 

In this section we will consider the case in which g^^^ is the flat metric on a torus of 
modular parameter r. We write the line element of the boundary in complex coordinates 
as ds^ = dwdw, with 

w^w + 27r^w + 27rT . (2.36) 

ZcFT can either be evaluated as a path integral on the torus (assuming that there exists 
a Lagrangian formulation of the theory) or in the canonical formulation as 

ZcFt{t,t) = Tr y^^iriLo-^)^-27riT{Lo-^)'^ _ ^2.37) 

If fermions are present in the theory we also need to specify their periodicities around 
the two cycles of the torus. As written, (2.37) implies anti-periodic boundary conditions 
around the time circle; periodic fermions are incorporated by including (—1)^ in the trace, 
where F is the fermion number. By trading the Virasoro charges for mass and angular 
momentum according to (2.22), we see that the imaginary part of r plays the role of inverse 
temperature, while the real part is a chemical potential for angular momentum. 
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Now consider Z^ds- We can again write a canonical formula like (2.37), but now 
its implementation is problematic since we lack a satisfactory description of the Hilbert 
space in the gravitational language. At low energies the Hilbert space is well understood 
as being comprised of a gas of particles moving on AdS, but at sufficiently high energies 
we encounter black hole solutions. Black hole solutions are clearly not to be interpreted 
as individual states of the theory (since they carry entropy), and so it is not altogether 
clear how to include them in the trace. The situation is more satisfactory in the path 
integral formulation, where we can include the black holes as additional saddle points of 
the functional integral, weighted by their action. Ultimately, since Zcft is well defined, 
we hope to use it to shed light on the Hilbert space of the gravitational theory, including 
the black hole regime. 

We will therefore attempt to make sense of 



The summation is supposed to run over all saddle points of the full effective action / (which 
in principle includes all corrections coming from string and loop corrections), such that 
the boundary metric has modular parameter r. One subtle point, whose importance will 
become clear as we proceed, is that certain saddle points that are just coordinate transfor- 
mations of other saddle points will appear as distinct terms in the summation. This is the 
analogue of the fact that in ordinary gauge theories we can treat gauge transformations 
that are nontrivial on the boundary as global symmetries: we are not forced to demand 
that physical states are invariant under such gauge transformations. 

Another important point is that we'll regard / as capturing the complete local part of 
the effective action. This action can in principle be computed in flat spacetime and then 
evaluated on the asymptotically AdS backgrounds appearing in (2.38). But this is not the 
whole story, as can be appreciated intuitively by thinking in terms of field theory Feynman 
diagrams. Geometries contributing to (2.38) have a periodic imaginary time direction, and 
there are contributions from Feynman diagrams that wind around the time direction. Such 
diagrams clearly are not incorporated in the local effective action /. Instead, we have to 
incorporate their effects as additional saddle points in (2.38). In fact, there is a clean way 
of isolating these effects via their behavior in r. Local terms contribute to In Z linearly in 
T and T, while the nonlocal terms are exponentially suppressed for Im(T) — > 0. We will see 
this explicitly as we proceed. 

The simplest saddle point is just pure AdSs suitably identified. We take the AdSs 
metric (2.2) and define w = (f) + it/£, with w identified as in (2.36). We know on account 
of maximal symmetry that this is a saddle point of /, even taking into account all higher 




(2.38) 
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derivative corrections. What is the value of / evaluated on this solution? Since we don't 
know the explicit form of / we need to proceed indirectly. The idea is to integrate (2.15). 
To use (2.15) we need to work in coordinates with fixed periodicity, so we define 

z = ^—^w - ^—^w , (2.39) 

T — T T — r 

obeying z = z + 2tt = z + 2111. r now appears in the metric, 

2 



1 — ^r , 1 + 
— - — dz H — dz 



(2.40) 



Writing out (2.15) in the z coordinates, and then converting back to w coordinates gives 

51 ^At,''i{-T^^5t + T^5t) . (2.41) 
Using that Lq = Lq = for this geometry, we know from (2.20) that 



This yields the action 



hhermal = J^^^'^ ~ ^'^) " {2 A3) 



We can summarize the above computation as saying that we have determined the 
exact low temperature behavior of ZAdS- In particular, as Im(T) — > oo we have 

InZAdsi'TjT^) = — — (cT — cr) + (exponentially suppressed terms) . (2.44) 

J. ^ 

This conclusion follows since we have incorporated all local terms in the effective action, 
along with the fact that Lq and Lq have a gap in their spectrum above (this in turn follows 
from the fact that AdS effectively acts like a finite size box.) The exponentially suppressed 
terms are down by at least e'^^i-i^'^-^'^) ^ where A is the gap in the Lq spectrum. The 
contribution of these suppressed terms depends on the precise theory under consideration 
(e.g. on the field content in addition to gravity) and so we postpone incorporating them 
until later. 

We'll now show that the high temperature behavior of the partition function is gov- 
erned by black holes. To illustrate the basic point in the simplest context, let's consider 
the non-rotating black hole metric (2.3). In order to avoid a conical singularity at r = r+ 
we need to make the identification t = t + 27r£^/r+. In other words, r = i£/r+. Note that 
we have thereby identified the Hawking temperature as T = r+/(27r£^). So for r purely 
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imaginary the non-rotating black hole metric contributes to the partition function as long 
as we set r+ = U/t. 

Next, we need to compute the action of the black hole to see if and when it dominates 
the thermal AdS geometry. As we'll now show, after a judicious change of coordinates the 
needed computation becomes equivalent to that yielding (2.43). We define 



«;' = --, r'= — ./r2-r2 (2.45) 
T r-(- V 

with w' = (f)' + it'/£. Then, the black hole metric (2.15) becomes 

ds' = (1 + r'yi')dt'' + Y^^, + r"d4>" , (2.46) 

which is just the pure AdSs metric. But now we have the identifications w' = w' + 27r = 
w'+27rT', with r' = — l/r. In other words, we have shown the equivalence (up to coordinate 
transformation) of thermal AdS with modular parameter r and a black hole with modular 
parameter r' = —l/r: 

Thermal AdS with T ^ Black hole with r' = -l/r . (2.47) 

Of course, so far we have only established this for pure imaginary r, but we'll generalize 
in due course. 

Now, the action is invariant under the coordinate transformation (2.45), so we can 
immediately conclude that the black hole action is 

W = ^(cr'-cr') = -^(^-|). (2.48) 

This results shows that at high temperature, Im(T) — > 0+, the black hole has less action 
than thermal AdS and hence will dominate the partition function. 

(2.48) gives the exact high temperature behavior of the partition function; specifically, 
the part of In Z linear in r""*^, 

InZ = — ( =) + (exponentially suppressed terms) . (2.49) 

12 T T 

Let's use this derive an expression for the entropy S at high temperature. From (2.37) we 
can write in the saddle point approximation 

\nZ = S + 27riT(Lo - ^) - 27riT(Lo - ^) . (2.50) 
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We further have 





1 dlnZ _ 

27ri dr 
1 dlnZ 

27rz dr 



24r2 



c 



24t2 ■ 



c 



(2.51) 



From this we read off the entropy 



S = 27tJ-{Lo 



24 



c 



) + 27r 




(2.52) 



This is the Cardy formula. This formula in fact gives the high temperature behavior of the 
entropy of any CFT, assuming unitarity and a gapped spectrum of Lq starting at 0. The 
standard derivation of the Cardy formula is based on modular invariance, and precisely 
parallels the gravitational approach adopted here; so the agreement between the gravity 
and CFT sides is unsurprising. Indeed, this shows that the high temperature entropy is 
guaranteed to agree between the two sides provided that the central charges agree. 

In the context of two-derivative gravity, formula (2.52) can be written as S = A/ AG. 
But with higher derivative terms included this is no longer the case. More generally, we 
have Wald's entropy formula [31] 



In fact, (2.52) and (2.53) are equivalent.^ This can be shown using (2.34); for details, the 
reader is directed to [10,30]. 

Consider the restricted case in which c = c. Recall that the value of c is determined by 
extremizing the function (2.31). We can translate this into an extremization principle for 
the entropy. Specifically, S is determined by extremizing the function (2.52) while holding 
fixed Lq — and Lq — (from (2.22) this is the same as holding fixed the dimensionless 
mass and angular momentum). 

Next, to set the stage for a more general discussion let's examine the relation between 
thermal AdSs and the BTZ black hole from a more geometrical perspective. Thermal AdSa 
clearly has the topology of a solid torus. The boundary is a two-dimensional torus. On 
the boundary torus there are two independent noncontractible cycles, which we can take 
to be = 27r, and At/£ = — 27rir (we are just considering the case of pure imaginary r 
for the moment). Now consider allowing these cycles to move off the boundary torus into 
the bulk geometry. It is then clear that the (f) cycle is contractible in the bulk while the t 
cycle is not. 

^ Actually, (2.52) is a bit more general in that (2.53) only applies when c = c. 




(2.53) 
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BTZ 



Thermal AdS 



Fig. 1: Relation between BTZ and thermal AdSs 

The coordinate transformation (2.45) that relates thermal AdSs to BTZ interchanges 
(f) and t, so for BTZ we find that it is the t cycle that is contractible in the bulk, while the 
(j) cycle is noncontractible. This is illustrated in Fig. 1 

The generalization of this story involves rotating black holes. To deal with this effi- 
ciently it is advantageous to describe the BTZ black hole as a quotient of AdS. 

2.5. BTZ black holes as quotients [32] 
Euclidean AdSs can be written 

ds^ = dZ±p^ . (2.54) 
P 



g=[PV~''P 'JP] . (2.55) 



Now consider the matrix 

z/p l/p 

det = 1, so (7 G S'L(2,C). Actually, g can be written as g = hh^ with h E S'L(2,C). 
Since g is invariant under h hf with / G SU{2), we see that the space of g matrices 
can be identified with the coset SL{2,C)/ SU{2). The line element (2.54) is the same as 
the natural line element on the coset, 

ds'' = lTv{g-'dgg-^dg) . (2.56) 

Since this is invariant under h ah, a G SL{2,C), we see that Euclidean AdSs has an 
SL{2, C) group of isometries. 

The BTZ black hole is obtained from AdSs by making SL{2, C) identifications, h = 7/1. 
Since we can always redefine h as h = ah' , we see that 7 is only defined up to conjugation 
by SL{2, C). So without loss of generality we can take 7 to be diagonal and write 

7=0 . (2.57) 
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In terms of coordinates, this implies the identification {p,z) = {e~^^^^~'^^ p, e~'^^^'^ z) . Now 
write z = e~*"' so that at the boundary (p = 0) we have the identification w = w + 2'kt. 
This identifies r in (2.57) as the modular parameter of the boundary torus. In other words, 
quotienting AdSs by 7 yields thermal AdSa: 



ds^ = (1 + r^/e)dt^ + — ^^772 + ^^df (2.58) 

with the identification w'=w-\-2tt = w-\- 27rr, where w = (f) + it/£. 

To construct an "S'L(2, Z) family of black holes" [33,7] we consider the modular trans- 
formed version of (2.57) 

U e cT+<i y 

with (a, b, c,d) & Z and ad — be = 1. This is a geometry whose conformal boundary has 
modular parameter f^^- But, as we illustrated in a simplified context above, if we change 
coordinates we can bring the modular parameter back to r. The action for this geometry 
can be read off from (2.43), 



/(r,r) = - 



ar + b\ / ar + b 
c I : - c 



CT + d J \CT + d 



(2.60) 



Note the unfortunate notation in which the same symbol c appears with two different 
meanings. These SL{2, Z) black holes will make an appearance later as saddle points of 
the Euclidean path integral. 

For completeness, we will explicitly write the metric of the rotating BTZ black hole, 
generalizing (2.3). Start from (2.54) and write 



2 2 \ 1/2 
~''+^ exp + it It) 



^2 _ ^2 y J- j £ 

1/2 

/ ' + - ' - \ 

P = 



(2.61) 



r\ — r_ 
^12" 



exp|^0 + zr_t/£} 



with r+ real and r_ imaginary. The metric is then 



The modular parameter is 

if 

T = . (2.63) 

r+ + r_ 
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The action is given by (2.48). The event horizon is at r = r+ and the entropy is given by 
(2.52) with 

c {r+-r-f ~ c (r+ +r-)^ 
~ 24 - 16Ge ' " 24 - 16G£ " ^^'^^^ 
To get the Lorentzian black hole we replace t by it and continue r_ to real values. Note that 
the Virasoro charges (2.62) are then real. Extremal black holes correspond to r_ = ±r+. 



3. Charged black holes and Chern-Simons terms 

An important generalization is to allow our black holes to carry charge. We'll see 
that this comes about in an elegant fashion. To begin, we'll consider a collection of U{1) 
gauge fields. Besides the usual Maxwell term, since we are working in an odd-dimensional 
spacetime our gauge fields can have Chern-Simons terms. We'll find that the Chern-Simons 
terms are needed in order for the charge to be nonzero. Indeed, the charge comes entirely 
from the Chern-Simons terms. Later, we'll indicate where these Chern-Simons originate 
from the higher dimensional string/M-theory viewpoint. Our presentation follows [11]. 
Additional relevant work on Chern-Simons theory includes [34,35]. 

3.1. U{1) gauge fields in AdSs 

Let's first consider the case of a single U{1) gauge field 
three spacetime dimensions is, in differential form language, 

Ics = ^ f AdA . 

The normalization was chosen so that the constant k will be identified with the level of 
a corresponding current algebra. A gauge transformation is SA — dA. Ics is not gauge 
invariant, but instead varies by a boundary term:^ SIcs = |^ Jqm ^dA. 
The gauge field admits an expansion analogous to (2.12), 

A = + e-^'^/^A^^) ^ _ _ _ ^ (3_2) 

and we choose the gauge = 0. Analysis of the field equations (including the effect 
of Maxwell type terms) shows that A^'^'^ is a ffat connection; that is, the field strength 
corresponding to (3.2) falls off as e~^^/^. For this reason, all the results we derive below 
for the currents and stress tensor will be valid in the presence of arbitrary higher derivative 

® Note that the equations of motion will still be gauge invariant. 



. A Chern-Simons term in 

(3.1) 
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terms for the gauge fields. The flatness of A^^^ imphes that only the Chern-Simons terms 
yields nonzero boundary variations. 

In analogy with (2.15) a boundary current is obtained from the on-shell variation of 
the action with respect to A^^\ 

SI= — I d^xV^J^SA'^^^ . (3.3) 
27r JdAdS 

We now need to define the appropriate variational principle that yields the equations 
of motion for our gauge field. For definiteness, consider the pure AdS geometry (2.2). 
Naively, one might guess that in the variational principle one could hold fixed both Af*^ 
and A^^^ . But this is too strong, since there will then typically be no smooth solutions of 
the equations of motion with the assumed boundary conditions. The issue is the holonomy 
around the contractible circle, expressed by J d(f)A(i,. When we contract the circle we need 
the holonomy to either vanish or match onto an appropriate source to avoid a singularity. 
So it is only A[^^ that can take generic values. If wc define w = cf) + it/£ as usual, then 
an appropriate variational principle is to hold fixed either Aw ^ or A^^ , but not both. The 
sign of k will determine which component to hold fixed. 

Let's assume that k is positive. Then we claim that to derive the equations of motion 
we should demand that the action be stationary under variations that hold fixed 
That is to say, we demand that (3.3) take the form 

SI=^ [ d^w^)J^5A^^^ . (3.4) 

JdAdS 

But we can readily check that the variation of (3.1) does not take this form. However, we 
still have the freedom to add boundary terms to the action. If we add to the action the 
term 

= -Tr [ d-'x^gg'-^A^Ap (3.5) 

then the variation of the action does take the form (3.4) with 

J„ = ij^=|AL°). (3.6) 

Another way to say this is that — 0, which means that our current is purely leftmoving. 

Note that the boundary term (3.5) depends on the metric, and so will contribute 
to the stress tensor. This in contrast to the topological term (3.1). A straightforward 
computation yields 

^„ ^ ±.^io)Af) _ |A(«)-4°)^i«)) , (3.7) 
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or, in complex coordinates, 



k 

rpgauge _ _ aW AiO) 
WW w w ' 

k 



rpgauge ^ (3-8) 
WW g^ w w ' 

rpgauge _ rpgauge _ q 

WW WW 

The index (0) on the gauge field reminds us that boundary expressions strictly refer to 
just the leading term in the expansion (3.2) for the bulk gauge field. In the following we 
will reduce clutter by dropping this index. 

We can now see why the sign of k is important; if we took k negative (3.8) would imply 
that the energy is unbounded below. The case of k negative needs to handled differently, 
by fiipping the sign of the boundary term (3.5). The same analysis then yields a purely 
rightmoving current. 

Turning to the general case of multiple ^7(1) gauge fields, we write the action as 

I=l_ f d^x{k'J AidAj-k'' AidAj)-^ [ d'^x^g'^^ik'' Ai^Ajp+k'' Aia^Ajp) . 

(3.9) 

Both k^"^ and k^"^ are symmetric matrices with positive eigenvalues. The IJ indices on 
j^ij ygrsus k^"^ are independent, and so can take different ranges. 

In conformal gauge, the gauge fields contribute to the currents and stress tensor as. 



1 . . 

Jw 



rpgauge _ _j_->IJ A a <_I.IJa^ A 

-'-WW — o -^Iw-^Jw ' n -^Iw-^ 



87T Stt 

"^Ww ^ ~ '^^^^ ^Iw-^Jw + '^k^'^ -^Iw-^Jw 

T^7'' = nr' = 0, (3.10) 
i 



'Jy] ~ 2 ' W ~ ^ 1 

V -{) V - -P-^A 7- 
The modes of the currents are defined as 

J _ fdu^ -tnw jl ]i - _ l^p^nw jl 



(3.11) 



By writing out the formulas for the changes in the stress tensor and currents under a 
variation of the gauge field we can infer the commutation relations 

r jl jJ] _ irnP'^^ , 
[ymi'^n\ — 2'"'"' "m+n ; 

and likewise for the tilded generators. 
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3.2. Spectral flow 

Together with the Virasoro algebra (2.21) the algebra (3.12) admits a so-called "spec- 
tral flow" automorphism that will play an important role. For arbitrary parameters rji the 
algebra is preserved under 

Ln + 2riiJ^ + k^'^r]irij6n,o 
rl Tl lU . ^^-^^^ 

From our explicit formulas for the generators we see that this is equivalent to 

Ajy, ^ Ai^+2r]i . (3.14) 

This constant shift of the gauge potentials is equivalent to shifting the periodicities of 
charged fields. In particular, since the phase factor acquired by a particle of charge Jq 
taken around the AdS cylinder is 

e^JofdwAj^ , (3.15) 

we see that the shift (3.14) induces the the phase e'^^'^'^^'^' . 

From now on we will use another normalization for the gauge charges by defining 

q' = 2J^, g' = 2Jo^ (3.16) 

where the 2 is introduced for convenience. 



3. 3. Nonabelian gauge fields 

Besides the U{1) gauge fields, in the main cases of interest from the string theory 
perspective we will also have SU{2) gauge fields. Prom the higher dimensional point of 
view we will be considering either AdSs x S'^ or AdSs x geometries. The spheres 
have isometry group SO{S) = SU{2)ii or 50(4) ^ SU{2)l x SU{2)ii, and we then have 
the associated Kaluza-Klein gauge fields. To show that these gauge fields have three- 
dimensional Chern-Simons terms is somewhat subtle, but can be derived by a careful 
consideration of the background fiux configuration that supports the sphere [36,37]. 

The SU (2) L Chern-Simons term is 

Ics = -^J d'xTv{AdA+^A^) , (3.17) 

with A = A"' ^ . Invariance of the path integral under large gauge transformation fixes k 
to be an integer. The SU {2)ji Chern-Simons term is taken with the opposite sign, as above. 
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As before, in order to get purely left or right moving currents we need to add a boundary- 
tern. This has the same form as (3.5) except that we sum over the group indices. We will 
just be considering solutions in which and A^^'>°' are nonvanishing only for a = 3. 

We can then easily incorporate the corresponding currents into the previous discussion by 
extending the / index to include / = 0, and write 

= Ai^o , k = k^\ A:0'^>° = A;^>0'0 = , (3.18) 

and likewise for the tilded counterparts. All the formulas (3.10) now carry over. 

3.4- Supersymmetry 

We now discuss one important implication of supersymmetry. In two dimensions 
we characterize the amount of supersymmetry by the number of left and right moving 
supercharges, {NL,Nf>). Here the focus will be on theories with either (0,4) or (4,4) 
supersymmetry. Supersymmetry then implies the existence of an SU{2) R-symmetry that 
rotates the supercharges into one another (the 4 supercharges transform as two doublets). 
In the (4,4) case we have SU{2)l x SU{2)ji R-symmetry. The R-symmetry currents 
correspond to the SU{2) gauge fields in (3.17). 

Of central importance to us is that the supersymmetry algebra relates the level of the 
SU{2) current algebra k to the central charge c as c = 6k. When wc recall that k appears 
in (3.17), we see that determining the exact central charge is cqinvalcnt to determining 
the SU{2) Chern-Simons term. Of course, in the (0, 4) case this argument only gives us 
the right moving central charge, but we will see momentarily how a related argument gives 
the left moving central charge. 

3.5. Gravitational Chern-Simons term [38] 

The left and right moving central charges of a two-dimensional CFT are independent 
and need not be equal. However, if c 7^ c it is not possible to couple such a theory to gravity 
in a diffeomorphism invariant fashion: there is a gravitational anomaly [39,40,41]. To write 
the anomaly we can work in terms of the connection 1-forms, defined as F*^ = F'^iia;^, 
where F*^ are the usual Christoffel symbols. The breakdown of diffeomorphism invariance 
is signaled by the non- conservation of the stress tensor:^ 

= -^1^ g'^e^'d^d^V^ . (3.19) 

^ Alternatively, one can add a local counterterm to render the stress conserved but non- 
symmetric. 
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Equivalently, under an infinitesimal diffeomorphism, a;* — > x'^ = — the effective is 

not invariant, but instead changes by 

SIeff = -i^ jTrivdV), (3.20) 

with v'^j = dj^'^. 

To reproduce this from the AdS point of view we need a term in the bulk that varies 
under diffeomorphisms. Further, the variation should be a pure boundary term, otherwise 
the bulk theory will be inconsistent. Up to boundary terms, there is a unique possibility, 
the gravitational Chern-Simons term [42]: 

icsir) = -ifi J Tr(rdr + ^r^) . (3.21) 

Under an infinitesimal diffeomorphism 5T = dv + [T,v], so 

SIcs = -iP [ TrivdT) . (3.22) 

JdAdS 

Comparing with (3.20) we read off 

'' = ^- 

The full stress tensor in the presence of the gravitational Chern-Simons term is discussed 
in [38,43]. 

We now know how to compute both central charges of the (0, 4) theory. The coefficient 
of the SU{2) Chern-Simons term gives us c, while the gravitational Chern-Simons term 
gives us c — c. The reason why this is useful is that (at least in the cases we'll consider) the 
Chern-Simons terms arise at tree level and one-loop, but receive no other corrections, and 
hence we can determine them exactly. In particular, we can determine the central charges 
without knowledge of the full effective action including higher derivative terms. This is 
to be contrasted with the non-supersymmetric case, where the c-extremization procedure 
discussed in section 2.3, while efficient, does require the explicit action as an input. 



4. String theory constructions 

We will now review two standard constructions of AdSs geometries in string theory. 
The first, and best known, example is realized as the near horizon geometry of the D1-D5 
system [1] (for reviews see [13,16]). This yields AdSs x^^ XM4, where M4 is or K3. The 
second example [44] is realized in terms of wrapped M5-branes, and yields AdSa x 5^ x Mg, 
with Me being T^, K3 x T^, or CY^. 
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4-1. D1-D5 system 

To describe the brane construction, we first work at weak string coupling and consider 
IIB string theory on i?'*'^ x x M4. We wrap A^5 D5-branes on x M4, and A''! Dl- 
brane on S^. This setup preserves 8 of the original 32 supercharges. When the length scale 
associated with M4 is small compared to the the low energy dynamics of the system is 
described by a theory on the 1 + 1 dimensional intersection. The standard weak coupling 
open string quantization yields a U{Ni) x U{N^) supersymmetric gauge theory, which 
flows to a nontrivial CFT in the infrared, with (4, 4) susy. We want to know the left and 
right moving central charges. The easiest way to compute these is by using anomalies (see 
section 5.3.1 of [13]). Focus on the left moving side, say. As we have discussed previously, 
the existence of 4 supercharges means that the CFT has an SU{2) R-symmetry. The level 
k of the corresponding current algebra is related to the central charge by c = 6A;. The 
current algebra also implies that the R-symmetry currents are anomalous when coupled 
to external gauge fields, 

^wJ^ = • (4.1) 

Chiral anomalies are related to topology, and are invariant under smooth deformations of 
the theory. In our context, the level k is an integer, which can equally well be evaluated 
in the weak coupling gauge theory description valid in the UV. The anomaly arises from 
one loop diagrams. This is a fairly straightforward computation, and the result is that 
k = N1N5. The same analysis holds for the right movers. We conclude that the exact 
central charges are c = c = 6N1N5. Note how little went into this result: we just needed 
to know that in the IR we have (4, 4) susy, and that the IR theory is reached via RG flow 
from the UV gauge theory. 

Next, we recall the anomaly inflow mechanism [45], which will be useful in relating 
the CFT central charges to those of the AdSs theory. Note that the D1-D5 system is 
localized at a point in the 4 noncompact spatial dimensions, and hence is invariant under 
the corresponding SO{4) group of rotations. If we write S0{4) = SU{2)l x SU{2)r, we 
identify the left and right moving SU{2) R-symmetry groups. We can think of the 50(4) 
as acting on the vector space normal to the brane worldvolume (the so-called "normal 
bundle"). We can further allow the SO (4) rotations to vary over the worldvolume, which 
leads to an 50(4) gauge theory. Now, we know from (4.1) that in general the worldvolume 
theory on the brane is not invariant under such local 50(4) transformations, the effective 

There is some choice in the form of the right hand side due to the freedom to add non-gauge 
invariant local counterterms to the action. 
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action instead varies as 

5hrane = / + D^^K'^) , (4.2) 

where we have written the result in terms of the SU{2)l x SU{2)ji parameters. 

On the other hand, from the point of view of the full ten dimensional string theory 
these gauge transformations are just coordinate transformations (or, more accurately, lo- 
cal Lorentz transformations), but it is well known that the full theory is nonanomalous. 
Indeed, otherwise the IIB string theory would be inconsistent since we are talking about 
a potential breakdown of diffeomorphism invariance. So something must be cancelling the 
variation of the brane effective action. Now, the entire theory consists of the theory on 
the branes coupled to the bulk ten dimensional fields. We therefore conclude that the 
bulk theory must have an S'0(4) variation that cancels that of the brane theory. The 
details of this have been worked out in various examples [36] (although not explicitly for 
the D1-D5 system, to our knowledge), and we will examine this in more detail in our next 
example. One finds that there is an inflow of current from the bulk region onto the branes 
that reproduces the anomalous divergence of the brane current. Here we will just take for 
granted that such a cancellation indeed takes place for the D1-D5 system coupled to the 
IIB theory. 

We now turn to the supergravity description of the D1-D5 system. The starting 
point is the action of IIB supergravity. We will only write down the dependence on the 
metric, dilaton, and RR 3-form field strength, since the other fields will be vanishing in the 
solution. In particular, this means that we need not concern ourselves with the subtleties 
associated with the self-duality of the 5-form field strength. 

/=-A_ [d'\VGe-"'{R + 4{d^f + ^e'''\G,\') . (4.3) 

The action is written in Euclidean signature and in terms of the string frame metric. 

The equations of motion admit the following solution representing the D1-D5 system, 

ds^ = (ZiZ5)-^/2(dt2 + ^^2^ + {ZiZ5y/^dx'dx' + {Zi/Z^y/^dsj^^ 

G3 = 2Q5e3 + 2tQie-^'^ ★e €3 (4.4) 

Here €3 is the volume form on the unit 3-sphere, and -k^ is the Hodge dual in six dimensions. 
The branes intersect over (tjX^), and we denote the four noncompact spatial direction by 
x"^. The harmonic functions Zi^^ are 

Zi,5 = IH 2~ ' ^1 = T7 ' ^5 = gN^a . (4.5) 

Va 
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To isolate the near horizon geometry we drop the 1 from the harmonic functions, and 
arrive at 



ds^ = "^{de + dxl) + ^^dr'^+ed^l + {Qi/Q^V^^dsl,^ 

Gs = 2(55(63 + i*6 ea) 
= Q5/Q1 . 



(4.6) 



with 



= . (4.7) 



A change of coordinates brings the (t^x^^r) part of the metric to the form (2.2)/^ 
and so we recognize the geometry as AdSa x x M4. 

According to the Brown-Henneanx formula (2.18) the central charge is given by c = 
Here G refers to the three dimensional Newton's constant, which we compute as 

G = G.„l=8.Vye»^j,^,^^^. (4.8) 

Therefore 

c = 6N1N5 , (4.9) 

in agreement with the microscopic result. 

We now ask why the microscopic and supergravity computations of the central charges 
agree. Underlying the agreement is the conjectured AdS/CFT duality between the two 
descriptions, but it is more satisfying to give a direct argument using just known facts. The 
key to this will be the relation between c and k, as well as the anomaly inflow mechanism. 
Compare the weak coupling description of our system, as a bound state of branes sitting in 
an ambient flat spacetime, to the supergravity description, as a near horizon AdS geometry 
joined to an asymptotically flat region. We can think of interpolating between these two 
pictures by dialing the string coupling. In the brane description we convinced ourselves 
that the chiral anomaly of the brane theory was cancelled by the bulk theory via an inflow 
of current. Now consider what happens as we increase the string coupling. The brane 
anomaly is flxed in terms of the integer k, and hence does not change, implying also 
that the bulk inflow is unchanged as we increase the coupling. But in the supergravity 
description we join this same asymptotic bulk geometry onto the near horizon region. In 
the supergravity picture we separate the two regions by an artiflcial border. It is clear that 
the current flows smoothly across the border, and there are no sources or sinks of currents 



Actually, since in our case X5 is compact we only get (2.2) locally. To get precisely (2.2) one 
should instead start with a rotating version of the D1-D5 metric [46,47,48]. 
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there. We conclude that the current inflow from the asymptotic region must precisely equal 
that into the near horizon region. But now, putting things together, we have found that 
the anomaly of the brane theory must precisely match the AdS current inflow. Since both 
are determined by a parameter k, it must be the case that kcFT = kgugra, which is what 
we were trying to establish. To summarize, the matching of k, and hence c, between the 
CFT and gravity descriptions is dictated by anomaly cancellation. A mismatch between 
the two would imply that IIB string theory is anomalous, which we know not to be the 
case. 

This does not yet explain why our gravity computation yielding (4.9) agrees exactly 
with the CFT result, since we started from the two-derivative approximation to the su- 
pergravity action. Our anomaly argument really applies to the full action, with all higher 
derivative terms included. But in general, instead of using c = 3£/2G, we should instead 
use (2.34), which in general receives correction from higher derivative terms. However, the 
spirit of the anomaly argument suggests that we are better off computing k. We will now 
outline this computation. 

To compute k we need to find the coeflicient of the Chern-Simons term (3.17). The 
importance of this term is that under a gauge transformation, 5A = dA+ [A, A] , we have 

SIcs = / Tr{AdA) . (4.10) 

47r JdAdS 

This is the result for one of the SU{2) factors of the SO{4) gauge group; the other factor 
gives the same result except with a flipped sign. Our strategy is then to similarly compute 
the gauge variation of (4.3) and compare this to (4.10) to read off k. 

This turns out to be more subtle than one might have expected. We will sketch the 
main points, directing the reader to [37] for a more thorough treatment. The first step 
is to identify the SO{A) gauge fields, which we recall are the Kaluza-Klein gauge fields 
associated with rotations of the S^. Instead of the pure AdSs x x M4 metric in (4.6) 
we make the replacement 

dill ^ {dy' - A^^y^){dy' - A^'y') , (4.11) 

with obeying X]i=i 2/*?/* = 1- The 1-forms A^^ = —A-'* are the KK gauge fields, 

and are allowed to have dependence on the AdS coordinates (t, X5, r). To be more precise, 
we just impose this form of the metric asymptotically as we approach the AdS boundary. 
Note that the metric is invariant under 

^ dA^^ + [A, AY^ , y'^y' + A'^y^ . (4.12) 
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Given this asymptotic form of the metric we also need to specify the asymptotic form 
of G3, generahzing that in (4.6). This is where the subtlety lies. We need G3 to be closed, 
and to have a fixed integral over S^, since this is the D5-brane charge. We might also try to 
have G3 invariant under (4.12). If so, we would then find that the action is gauge invariant 
(i.e. invariant under 5A = dA+[A,A]), as follows from the diffeomorphism invariance of 
(4.3) combined with the invariance under (4.12). It turns out that it is not possible to 
satisfy all these conditions simultaneously, and the best one can do is to find a G3 that 
varies under (4.12) as 

SG3 = ^Q^TridAdA - dAdA) . (4.13) 

While this implies that the action (4.3) is not gauge invariant, it can be shown that the 
variation is a boundary term, so the equations of motion are gauge invariant. In particular, 
the explicit computation yields 

SI=-^ [ Tr{AdA-AdA), (4.14) 
471- JdAdS 

with k = This then reproduces c= 6k = 6N1N5. 

To complete this circle of ideas we should now show that this conclusion is unchanged 
under the addition of higher derivative terms to (4.3). This has not yet been demonstrated 
explicitly. Here we will just note that the condition that the action vary only by a boundary 
term greatly restricts the form of the action, and makes it plausible that there are no further 
corrections. In any case, in the example discussed in the next section involving M5-branes 
we will give the complete derivation. 

4-2. Wrapped M5-branes 

Our other example of an AdSs geometry arises from wrapping M5-branes on a 4-cycle 
in Mg, where Mq can be T^, K3 x or CY3. Starting from the eleven dimensional 
M-theory compactified on Mg, this produces a string like object in the five noncompact 
directions. We further compactify the direction along the string, to leave four noncompact 
directions. This system was studied extensively in [44,49]. 

Letting be a basis of 4-cycles in Mg, we take the M5-brane to wrap P = p^flj. At 
low energies the theory on the resulting string flows to a CFT with (0, 4) susy. The left 
and right moving central charges can be computed by studying the massless fluctuations 
of the M5-brane, including the self-dual worldvolume 3-form field strength. The result of 
this analysis is 

C = CijKP^p-'p^ + C2// , c = CijKP^p-^p^ + |C2// . (4.15) 
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CijK denotes the number of triple intersections of the three 4-cycles labelled by I,J,K 
(note that three 4-cycles generically intersect over a point in six dimensions.) C2 is the 
second Chern class of Mg which we can expand in a basis of 4-forms with expansion coef- 
ficients C2I- For our purposes, the main point is that Cijk and C21 are certain topological 
invariants, and so we see that the central charges are moduli independent. 

Instead of studying the fluctuation problem, we can compute the central charges from 
the anomaly inflow mechanism [36] . The relevant anomalies are those with respect to the 
right moving SU (2) R-symmetry, and with respect to worldvolume diffeomorphisms. The 
relevant terms in the eleven dimensional action are 

(4.16) 



3 • 26 . (27r)io/3 ' ^ 



Tri?'^- i(Tri?2)2 



The terms in the first line are the standard two derivative bosonic terms. In the second 
line we have written a particular eight derivative term. Of course, there are an infinite 
series of other higher derivative terms (see [50,51,52] for some general results), but the 
important point is that in (4.16) we have written the only two Chern-Simons terms (i.e. 
the only terms involving an explicit appearance of A3). Demanding that the action be 
gauge invariant up to boundary terms only allows these two Chern-Simons terms, and 
their coefficients are fixed by a combination of supersymmetry and 1-loop computations 
in the dimensionally reduced IIA theory. Alternatively, the anomaly infiow computation 
we will now describe can be viewed as another derivation of these coefficients. 

We now reduce the action to five dimensions in the presence of the M5-brane. This 
gives various terms, including 

241^ !d''x^{R+-GijFl,F'^^)+'- IcukA' AF-' AF"" 
+ Y^C2/p^ JAATtRAR. 



Here are 1-form potentials, obtained by expanding A^ = A-'^ A Jj where J/ are a basis 
of (1,1) forms. The M5-brane defines a particular magnetic charge with respect to a linear 
combination of gauge fields that we have called A. defined so that = (— ^ Jg2 F) Pq, 
where (locally) F = dA. Gu is a metric on the vectormultiplet moduli space, whose form 
can be found in, e.g, [53]. It turns out to be convenient to choose units with k| = 27r^, 
and so we do this from now on. This simplifies the relation between integrally conserved 
charges and flux integrals. 
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Both Chern-Simons terms in (4.17) contribute to the current inflow, and hence to the 
central charges (4.15). By counting powers of gauge fields we can see that the AFF term 
yields the terms in the central charges cubic in the , while the ARR term yields the 
linear terms. 

It turns out that the cubic term is more difficult to obtain. The idea is that one needs 
to carefully define the action (4.17) in the presence of the string source, which naively acts 
as a delta function source. After smoothing out the source and defining the AFF term 
appropriately, one indeed reproduces the cubic terms in c and c. We direct the reader 
to [36] for the analysis. We will shortly carry out a corresponding analysis in the near 
horizon geometry of the string, and reproduce this result in a simpler way. Right now we 
just emphasize that only the AFF Chern-Simons term is needed for the result. 

Turning to the ARR term in the second line of (4.17), we now show how to compute 
the linear terms in the central charges. We first need to rewrite the action. Since the string 
is magnetically charged, A is not globally defined. The correct version of the Chern-Simons 
term corresponds to integrating by parts. 



I A Tr(rdr + |r^) . (4.18) 



3847r2 

Now perform a coordinate transformation ST = dv + [r,v], 

SI = Jfa Tr{dv A dT) . (4.19) 

In the present context we are thinking about the string as a localized source, so dF — 
except at the string, where it is a delta function in the transverse space. Hence if we 
integrate (4.19) by parts, as well as integrate over the transverse space, we obtain 

'^^=-^ /^Mr). (4.20) 

V and r are 5x5 matrices, since they originated as the connection in five dimensions. We 
can write them in block diagonal form, corresponding to the conections on the tangent and 
normal bundles with respect to the string worldvolumc. Taking v to act on the tangent 
space, the variation (4.20) corresponds to a gravitational anomaly, and by comparing with 
(3.22)-(3.23) we read off 

c - 5 = ic2// . (4.21) 

Now taking v to act in the transverse space we obtain the "normal bundle anomaly". 
From the worldvolume point of view this is the same as the SU (2) R-symmetry anomaly. 
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Relabelling in SU (2) language: V°-^ A°-^ = e°-^'^A^ (and similarly relabelling v as A) the 
variation becomes 

51 = ^ j Tv{KdA) . (4.22) 

Comparing with (4.14) we read off A; = C2jp^/12, or c = ^C2ip^ ■ We remind the reader that 
this is just the contribution linear in . Combining this result with (4.21) we correctly 
reproduce the linear terms in (4.15). 

The success of the anomaly inflow computation in reproducing the microscopic central 
charges can be thought of as a consistency check. Any mismatch would imply that M- 
theory is quantum mechanically inconsistent in the presence of M5-branes. Prom a practical 
standpoint, if we accept that anomalies should cancel, the inflow method is a very efficient 
means of extracting the central charges, since we only need to know the Chern-Simons 
terms in the effective action, and these are highly constrained. 

We now shift gears and turn to the analysis in the near horizon region. The asymp- 
totically flat solution of the five dimensional theory (4.17) is 

ds^ = {-CuKH'HJH'')-^/\-dt' + dxl) + {-CijKH'HJH'^f'^dr^ + r'^d^l) 
= |/(l + cos^)cZ0 

(4.23) 

The vectormultiplet moduli also take nontrivial values that we have not written out. See, 
e.g., [10]. 

To examine the near horizon geometry we write 

.= fe^. (4.24) 

For 2; — > oo we then find the following AdSa x S'^ geometry 

ds'' = fZ^l±^^±^ + Ifd^l (4.25) 

with 

/I \'/^ 
^ = f gC/jxpVp^ j . (4.26) 

The Brown-Henneaux computation of the central charge applied to this case gives (recalling 
G5 = «i/87r = 7r/4) 

^""^^ CuKv'v'v'' . (4.27) 



2G. 2G. 
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This result, along with the form of the solution, can alternatively be derived by the method 
of c-extremization as described earlier. 

As expected, (4.27) yields the leading large charge contribution to the central charge. 
We now turn to the AdS computation of the exact central charges using anomalies. As 
we have discussed, this reduces to determining the exact coefficients of the gauge and 
gravitational Chern-Simons terms in the three dimensional effective action. That is, given 

Ics = ^J Tr{AdA + ^A^) -ipj TviVdV + h^) (4.28) 

we can read off 

c=6k, c-c= 967r/? . (4.29) 

The three dimensional Chern-Simons terms descend from those in eleven dimensions, 
(4.16), or equivalently in five dimensions, (4.17). To read off the desired terms we can 
consider the following metric deformation of AdSs x S'^ 

ds^ = dslas + -/W - A''y')W ' ^^'l/') , (4-30) 

with Y.l=i{y'Y = 1- This identifies the 1-forms A^^ as the SO{3) = SU{2) gauge fields 
appearing in (4.28). We also need to give the 2- form potential supporting the solution. 
From (4.23) the undeformed solution has = dA^ = —^p^es^, where €52 is the volume 
form on the unit two-sphere. We want a generalization consistent with SO {3) gauge 
invariance. Since the metric is invariant under 

4.31 

A'^ ^ A'^ + dA'^ + [A, AY^ , 

where A*-' = —A^^ depends only on the AdS coordinates, we also demand this of -F^. 
must also be closed and have a fixed integral over the 5"^ fibre, since this integral gives the 
5-brane charge. The unique solution to this problem is [36,37] 

= -|/ (47762) (4.32) 

with 

Dy' = dy' - A'^y^ (4-33) 
F'^ = dA'^ - A'^A^^ . 
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62 is known as the "global angular 2- form". The AFF term in (4.17) will now yield A 
dependent terms. To work these out, a very useful formula is [54] 

J e^^) A e2 A e2 = -I J TriAdA + ^A') , (4.34) 

where the integral on the left (right) is over five(three) dimensions, eo"*^^ is defined by writing 
62 = deQ'\ which can always be done locally since 62 is closed. The AFF term then yields 
(recall k| = 27r^) 

^cs = ^J CjjkA' AF-'aF'' = ^Cijkp'p'p'' J TriAdA + ^i^) . (4.35) 

This yields the coefficient of the Chern-Simons terms cubic in . Indeed, comparing with 
(4.28) and using (4.29) we correctly read off the cubic terms in the central charges (4.15). 

The linear terms come from the Chern-Simons term in the second line of (4.17). We 
can follow the same steps as led to (4.18). The difference is that in the near horizon 
geometry there is no explicit string source, but rather a smooth geometry, and so dF = 
everywhere, without delta function singularities. After performing the integration, 
(4.18) splits into two terms corresponding to Chern-Simons terms for the 150(3) = SU{2) 
connection, and the AdSa Christoffel connection, 

= ^ / ^(^^^ + P'^ - w / - ■ (-^) 

Note that the relative factor of 4 between these two terms is purely due to our use of 
SU (2) conventions for A. From (4.36) we correctly read off the linear terms in the central 
charges. 

We again want to stress that this computation yields the exact central charges, and 
that we did not need to know the full action to carry it out. Knowledge of the Chern-Simons 
terms suffices, since they give us the anomalies, and supersymmetry connects these to the 
central charges. The fact that we found exact agreement with the microscopic central 
charges was explained already in terms of the anomaly inffow mechanism. The match is 
necessary to preserve diffeomorphism invariance of M-theory in the presence of M5-branes. 
Even though the agreement was guaranteed to occur, it is still satisfying to see it working 
in explicit detail. 

Now that we have verified the exact matching of the microscopic and gravitational 
central charges, we know that the entropy of an uncharged black hole is given by (2.52) 
and that it matches with the CFT entropy. This matching includes subleading corrections 
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to the Bekenstein-Hawking area law, as encoded in the corrections to the central charge. 
It further applies to non-BPS and non-extremal black holes. Historically, the result for the 
corrected entropy of the BPS black holes was first obtained in [55] by explicitly constructing 
the black hole solutions in supergravity supplemented by certain i?^ terms. Surprisingly, 
this gives the exact result even though i?^ and higher type terms are not incorporated. 
However, the method of [55] is not successful in capturing the corrected entropy of non-BPS 
and non-extremal black holes [56] . 

We should note that our results so far are only valid to leading order in Lq and Lq, and 
furthermore does not allow for the inclusion of charge. In the remainder of these lectures 
we will show to how generalize in these directions. 

4-3. Small black holes and heterotic strings 

We have seen from anomalies that the bulk AdSs theory exactly reproduces the micro- 
scopic central charges (4.15). Since this result is exact, it can be used even in cases where 
the bulk geometry is highly curved and the two-derivative approximation to the action 
is no longer valid. It is especially interesting to consider examples where the microscopic 
theory is as simple as possible, so that we have good control over the microscopic entropy 
counting. Such "small black holes" have been the subject of much recent discussion, e.g. 
[57,5,10,58] 

A good example is to consider Mq = KS x and to wrap the M5-brane on K3. In this 
case only a single magnetic charge is nonzero, and hence CijkP^P^P^ = 0. This implies 
that in the two derivative approximation, where c = the size of the AdSa geometry 
shrinks to zero. However, from (4.15) we see that including higher derivatives yields c = 2Ap 
and c = 12p, where we used C2{K2>) = 24. Strictly speaking, our supergravity analysis 
tells us that if there is a finite size AdSs geometry, then its central charges are as stated. 
To actually demonstrate the existence of the geometry require more detailed consideration 
of the explicit supergravity equations of motion, including higher derivatives. The state- 
of-the-art at the moment is to include just the supersymmetric completion of certain 
terms, and to show that a stabilized geometry indeed results [55] . While working out the 
precise solution is an important challenge, we would like to emphasize that getting the 
central charges right is not too dependent on the details, since symmetries and anomalies 
are enough to determine them. 

The connection with the heterotic string is obtained by using heterotic/IIA duality. 
This duality interchanges the M5-brane (NS5-brane in the IIA language) with an elemen- 
tary heterotic string. The magnetic charge p becomes the winding number of the heterotic 
string around an S^. The 24 leftmoving transverse bosonic oscillators of a heterotic string 
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yield c = 12; and the 8 rightmoving transverse bosonic and fermionic oscillators yield 
c = 12. Taking into account the winding number, we see precise agreement with the su- 
pergravity side. From our discussion so far, this means that we will find agreement in 
the entropies from the Cardy formula (2.52). Note that this agreement pertains even for 
non-supersymmetric and nonextremal states (both left and right movers excited). 



5. Partition functions and elliptic genera 

So far we have discussed black hole entropy at the level of the Cardy formula. We 
now try to go further in establishing the AdS/CFT relation 

ZAdS = ZcFT • (5.1) 

In this section we discuss the definitions and properties of the CFT partition functions 
that we will subsequently aim to reproduce from AdS. 

In full generality, we can imagine defining Zcft by tracing over the CFT Hilbert space 
weighted by e~^^ and an arbitrary string of operators. In principle such an object has a 
dual AdS definition, but in practice it will be intractable to actually compute. Rather than 
including all possible operators, it is more tractable to just focus on conserved charges, 
since these are more easily identifiable on the gravity side. If we define the CFT on a 
circle, the two most obvious conserved charges are energy and momentum, related to the 
Virasoro charges as^^ 

H = Lo-^ + Lo-^, P = Lo-Lo. (5.2) 
The most basic partition function is thus 

Z = Tr [e-^^+'f"^] = e^^^Tr L2'rir(Lo-^)-27rir(Lo-^)l ^ (5 3) 

with T = (// + ?7?)/27r. If fermions are present we also need to specify their periodicity 
around the circle. 

Now suppose that our CFT also has conserved currents, and . Although we 
use the same index / for both, the number of left moving (holomorphic) currents is 
independent of the number of right moving (anti-holomorphic) currents . We can gener- 
alize our partition function by adding chemical potentials for the corresponding conserved 
charges and , 



Tr 



g27riT(Lo - ^ ) -27rir (Lo - ^ ) ^2niziq' ^-2-Kizi q 



'] . (5.4) 



12 



P is the same as what we earlier called J, the AdS angular momentum. 
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The path integral version of the partition function (5.4) is, 

Zp, = Jm e-^-*/(^'^^''+^^^'') , (5.5) 

where the CFT is defined on the torus. The external gauge fields appearing in (5.5) are 
related to the chemical potentials in (5.4), 

zi = -iT2Aiyj , zi = iT2Ai^ , (5.6) 

where r = ti + zt2. Further, the the path integral and canonical versions are related as 

Z = e-^^'"+'"^Zpi , (5.7) 

with z^ = k^"^ zjzj, {k^'^ is defined in (3.12)), and similarly for z^ . 

To derive (5.6)-(5.7), it is most instructive to consider a simple example of a free scalar 
field. This example will also allow us to discuss the modular behavior of our partition 
functions. 



5.1. Free scalar field example 



Consider a free compact boson of radius 2'nR. We use the conventions of [59] and set 
a' = 1. We define the partition function 



Z{T,zrz) = {qq)-"^'T. 



qLo -I/O ^2'KizpL ^2iTizpR 



with 



T osc T r osc 

Lq — — + Lq , Lq — — + Lq 

n n 
PL = — +wR , pr = — -wR . 

The partition function obeys the modular transformation rule 

ar + b z 



(5.8) 



(5.9) 



z{- 



) — e cT+d e cT+d z{t, z, z) , 



(5.10) 



■ CT + d ' CT + cr + d' 

as is readily verified by direct computation. 

To explain the origin of the exponential prefactors in (5.10) we pass to a path integral 
formulation. We consider 

Zpi{t,A) = JvXe-^ (5.11) 

with 



2 
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(5.12) 



and = constant. To relate potentials appearing in (5.8) and (5.12), we use the standard 
expression for the charges 

f div f div 

Pl = 2 (p —idy,X , pji = -2 (p —idyjX , (5.13) 



27ri / 2m 

and then equate the charge dependent phases in the two versions. This yields 

z = -iT2Ayj , z = iT2Ayj . (5-14) 

We denoted the holomorphic part of the gauge field because, elsewhere in these notes, 
this component arises from an independent bulk 1-form A. 

In the path integral formulation a modular transformation is a coordinate transfor- 
mation combined with a Weyl transformation, and so it is manifest that 

,aT + b z z ^ „ , , 

where the transformation of z and z just expresses the coordinate transformation. 

What then is the relation between Zpi and Zl To find this we just carry out the usual 
steps that relate Hamiltonian and path integral expressions (e.g. jT>Xe~^ = 'TTe~^^ .) 
The only point to be aware of is that the Hamiltonian corresponding to the action (5.12) 
is not the factor appearing in the exponential of (5.8), but differs from this by a contri- 
bution quadratic in the potentials, as is verified by carrying out the standard Legendre 
transformation. In particular, we find 

Zpi{T,z,z) = e •^a Z{t,z,z). (5.16) 

Combining (5.15) and (5.16) we see that the modular transformation law of Z must be 
such to precisely offset that of e ^2 . This is what (5.10) does. 

To summarize, we have shown how to convert between the canonical and path inte- 
gral versions of the partition function. The latter makes the modular behavior manifest. 
Furthermore, the analysis we performed is essentially completely general, in that given an 
arbitrary CFT we can always realize the ^7(1) current algebra in terms of free bosons. 

5.2. Elliptic genus 

The partition function (5.4) receives contributions from all states of the theory. This 
makes it intractable to calculate explicitly, except in favorable cases (such as weak coupling 
limits). In a theory with enough supersymmetry we can define a more controlled object - 
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the "elliptic genus" - which only receives contributions from BPS states. The elliptic genus 
is a topological invariant, as we'll review in a moment, which allows it to be computed far 
more readily than the generic partition function. Useful references include [60,7,61]. 

For definiteness, we now focus on a CFT with (0, 4) susy. The elliptic genus is defined 

as 

X(t, Zl) = Ttr L^^^r{Lo-c/24)^-2^ir(Lo-cm^2^izjq' (-if] • (5.17) 

The trace is over the Ramond sector, and F is the fermion number, defined as F = 2Jq, 
where Jg is the R-charge. The insertion of (—1)^ imposes a bose-fermi cancellation among 
all states except those obeying Lq — c/24 = (the Ramond ground states). The arguments 
here are the same as in the study of the Witten index in 4D supersymmetric field theories. 
Since only states with Lq— c/24 = contribute, the elliptic genus does not depend explicitly 
on r. On the other hand, all leftmoving states can contribute. The elliptic genus is invariant 
under smooth deformations of the CFT. This follow from the quantization of the charges 
and of Lq — Lq, together with the fact that only rightmoving ground states contribute. We 
can therefore compute the elliptic genus in the free limit of the CFT, and then extrapolate 
it to strong coupling and compare with a supergravity computation. 
We now state the main general properties of the elliptic genus. 

Modular transformation 

The same argument applies here as in (5.16). 
Spectral flow 

The modes of the stress tensor and currents obey the algebra 

C o 

[Lm,Ln] = {m-n)Lm+n + r^{m -m)5m+n,o-, 

[Lm, 4] = -nJi+^ , (5.19) 

This is invariant under the spectral flow automorphism (3.13). 
The spectral flow automorphism implies the relation 

x(t, zi + £iT + mi) = e-2-^(^'-+2^^)^(^, ^i) , (5.20) 

where m/ obeys miq^ e Z, and we deflned = k^J£j£j^ £ ■ z = k^'^£izj. It also implies 
that if we expand the elliptic genus as 

X{t, Zi) = J2 C(^: r^)e^^inr+2nizjr' ^ ^5 21) 
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then the expansion coeflBcients are a function of a single spectral flow invariant combination: 



c{n,r^) = c(n-^) . (5.22) 

Here we defined = kijr^r^ ^ where kij denotes the inverse of k^^ . 

Factorization of dependence on potentials 

We can explicitly write the dependence of the elliptic genus on the potentials zi. 
The intuition behind this is that we can always separate the CFT into the currents plus 
everything else, and the current part can be realized in terms of free bosons. We have: 



with 



(5.24) 



We are using the shorthand notation 

ill + 2kr]f = kuifj,^ + 2k^^riK){l^-^ + ^k^^r^L) ■ (5.25) 

The combined sum over ji^ and 777 includes the complete spectrum of charges. The 
sum over 77/ corresponds to shifts of the charges by spectral flow, and so the sum on jij is 
over a fundamental domain with respect to these shifts. A more intuitive understanding 
of (5.23)- (5.24) will emerge when we rederive these results from the AdS side. 

Farey tail expansion 

The main observation of [7] was that upon applying the "Farey tail transform", the 
elliptic genus admits an expansion that is suggestive of a supergravity interpretation in 
terms of a sum over geometries. We will essentially state the result here, referring to [7] 
for the detailed derivation. The CFT discussion in [7] has recently been adapted to the 
(0,4) context in [62]. 

The properties (5.18) and (5.20) arc the definitions of a "weak Jacobi form" of weight 
w = and index k. Actually, the definition strictly applies when /c is a single number 
rather than a matrix, but we will still use this langauge. 

The Farey tail transformed elliptic genus is 



3/2 

= ( £79- - 7 ] X(r,z,), (5.26) 



2TTi ^ 4(27rz)^ 
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where = kijdgjdgj. x is a weak Jacobi form of weight 3 and index k, and admits the 
expansion 

Too \r 

with 

X(r,^,) = e^ J2 5(m,/)e2-(— ^'^>e^,fc(T,^/) , (5.28) 

and ©^,fc(T, 2;/) was defined in (5.24). The hatted summation appearing in (5.28) is over 
states with m — ^fM^ < 0. From the gravitational point of view these will be states below 
the black hole threshold and the sum over Too \ F then adds the black holes back in. In 
mathematical terminology (5.28) defines x the "polar part" of the elliptic genus. The 
coefficients c{m,iJ,^) in (5.28) are related to those in (5.21) by 

c(m,/) = (m - ^f/Mm - ^) , (5.29) 

as follows from (5.26) and from using (5.22). The main point is that the transformed 
elliptic genus x can be reconstructed in terms of its polar part x- 



6. Computation of partition functions in gravity: warmup examples 

We now turn to the gravitational computation of partition functions, particularly 
the elliptic genus. One goal will be to see how the general properties described in the 
previous section are realized in terms of the sum over geometries. For example, we need 
to see how a sum over black hole geometries, with the precise weighting factors specified 
by (5.27)-(5.28), arises in the AdS description. 

Before considering the general problem of summing over geometries, it will be helpful 
to get oriented by considering some examples. Again, for definiteness we will focus on the 
(0, 4) case, although the generalization to the (4, 4) case is very straightforward. 

6.1. NS vacuum 

The NS vacuum is invariant under SL{2, M) x SL(2, R). In other words, it is invariant 
under the full group of AdSa isometrics, which means that it is precisely global AdSa, 

ds' = (1 + ryf)£V + + r^^^ . (6.1) 

1 + r'^ i'^ 
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The contractibility of the circle forces the fermions to be anti-periodic in 0. Invariance 
under the isometry group means that this geometry has 



Lo = Lo = . (6.2) 



6.2. Spectral flow to the R sector 



On the gravity side a rightmoving spectral flow (3.13) is implemented by a constant 
shift in the gauge potentials (3.14), but now in terms of the rightmoving tilded version. To 
get to the Ramond sector we want to flip the periodicity of the supercurrent. This carries 
charge = 1, and so we should take r/o = |- Therefore, a Ramond ground states consists 
of the metric (6.1) with 

io^ = 1 , (6.3) 

with fermions periodic in (p. The gauge field contribution (3.10) increases the Virasoro 
charge from (6.2) to 

= ' ' (6.4) 



Since the charge (3.11) is 



4 24 



;:0 ~ c 



q' = k=-, (6.5) 

D 

this is the maximally charged R vacuum state. To get the maximally negatively charged 
R vacuum we flip the sign in (6.3). In the (4,4) case the leftmoving side is treated analo- 
gously. 

6.3. Conical defects 

A more general class of R vacua are the conical defect geometries [47,48] . For these 
we take 

^ liv^ + ^^) (6.6) 

with iV G Zi. The angular coordinate cf) has the standard 27r periodicity, and fermions are 
taken to be periodic in (f). 

To read ofi^ the Virasoro charges we just note that by rescaling coordinates all these 
geometries are locally equivalent to the = 1 case discussed in the previous example. 
In the = 1 case the right moving stress tensor vanishes, and it will clearly continue to 



13 



This bound on the charge can be seen from the supersymmetry algebra. 
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vanish after rescaling coordinates. Thus (6.4) still applies and so Lq = | as before. The 
R-charge is read off from (3.10)-(3.11) as 




(6.7) 



Upper and lower bounds on N are given by the quantization of R-charge, so |A^| < /c. 

These conical defect geometries are singular at the origin unless the holonomy is ±1, 
which corresponds to N = ±1. In the context of the D1-D5 system, the singular geometries 
are known to be physical in that the singularity corresponds to the presence of N coincident 
Kaluza-Klein monopoles. Another way of viewing this is that these singular geometries 
are special limits of the much larger class of smooth RR vacua geometries that have been 
heavily studied in recent years [63,64]. 

We also note that any of the R-vacua in (6.6) can be spectral flowed to the NS sector 
to give chiral primary geometries. 

6.4- Black holes 

We now consider black hole geometries, and give a simple derivation of the entropy of 
charged black holes that incorporates higher derivative corrections. This will provide the 
generalization of (2.52). We again use the method of relating the black hole to thermal AdS 
by a modular transformation. We will be considering a general, rotating, non-extremal, 
charged black hole. All left and right moving charges will be turned on. 

The starting point is global AdSa, as in (6.1). The complex boundary coordinate is 
w = (f) + it/£, and we identify w=w + 27r'^w + 2ttt. To add charge we also want to turn 
on flat potentials for the gauge fields. Now, the cf) circle is contractible in the bulk, so to 
avoid a singularity at the origin we need to set to zero the (f) component of all potentials. 
We therefore allow nonzero Aj^j^ = —Aj^, and A^j^j = —Ajw 

What is the action associated with this solution? From the discussion in section 3 we 
know the exact expressions for the stress tensor and currents 




(6.8) 




-^k^^ Aj^ . 
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To obtain the exact action from these formulae we need to integrate the equation 

51= [ d^xy/^ f ^T^^^tfi + ^J'^'SAj^ + ^J^'SAj^ . (6.9) 

JdAdS \^ ^ iTT ZtT J 

As we did to derive (2.41), we first need to switch to the z coordinates (2.39) that have 
fixed periodicities. Doing this, then switching back to the w coordinates, we find 

51 - {2nfi \-T^y,5r + T^6t + -J'jAj^ + - J^M/^l . (6.10) 

L TT TT J const 

The const subscript indicates that we keep just the zero mode part. Inserting (6.8) into 
this equation we can now integrate and find our desired action as 

I=—T-—T + 7rT2{Al, + Al) . (6.11) 

A simpler derivation of this result is to just compute (6.11) by directly evaluating the 
action on the solution. The gauge field contribution just comes from the boundary terms 
in (3.9). The reason we proceeded in terms of (6.9) was to emphasize that the result (6.8) 
is exact for an arbitrary higher derivative action, and also because we will generalize this 
computation later. 

The result (6.11) is the action for the AdSa ground state with a fiat connection turned 
on. Next, we perform the modular transformation r in order to reinterpret the 

solution as a Euclidean black hole. This is implemented by 

w -w/t, Aruj -fApw , Ajyj -rAj^ . (6.12) 

The action is of course invariant since we are just rewriting it in new variables. Using 
t/t = 1 — 2iT2/T we can present the result as 

/ = - ^ + ^ ^ + — + (Ai, + Ai) 

(6 13) 

ink ink 27riz^ 27riz^ tt , n ^o, 
= \ \ (z^ + z^) . 

2t 2t T T T2^ ' 

This is the Euclidean action of a black hole with modular parameter r and potentials 
specified by zi and zi. 

Our result (6.13) is the leading saddle point contribution to the path integral. As we 
noted in (5.7) the canonical form of the partition function, defined as a trace, is related to 
the path integral as 

Z = e-t(-'+^')Zp, = e-^(^'+^')^e-^ . (6.14) 
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The exponential prefactor cancels the last term in (6.13) so that 

, ^ ink ink 2'niz^ iiriz^ /^.^x 

on the saddle point. We define the entropy s by writing the partition function as 

2 = gSg27rir(Lo-c/24)g-27riT(Lo-c/24)g27ri27q^g-27ri5jq-^ ^ (6.16) 

where we assume that Z is dominated by a single a single charge configuration with, e.g., 

^ 2-!ri azi 

Putting everything together we read off the black hole entropy as 



The expression (6.17) gives the entropy for a general nonextremal, rotating, charged, black 
hole in AdSs, including the effect of higher derivative corrections as incorporated in the 
central charges. Since we used the saddle point approximation the formula is only valid to 
leading order in Lq — ^ — (and the rightmoving analogue); including the subleading 
contribution is the topic of the next section. It is striking that we have control over higher 
derivative corrections to the entropy even for nonsupersymmetric black holes. As in 
our discussion of the uncharged case, the relation with anomalies implies that (6.17) is in 
precise agreement with the microscopic entropy counting coming from brane constructions. 



7. Computation of partition functions in supergravity 

Let's now look at the supergravity computation of the elliptic genus. We'll consider 
both the canonical and path integral approaches, which are useful for making manifest the 
behavior under spectral flow and modular transformation, respectively. In keeping with 
the Farey tail philosophy [7], we first explicitly compute the contribution to the elliptic 
genus from states below the black hole threshold. With this in hand, we then note that 
black holes are readily included since they are just coordinate transformations of solutions 
below the threshold. In this way we reproduce the construction (5.27). 

A related observation is that the attractor mechanism, which plays an important role in 
establishing a near horizon AdSs geometry, can also operate for non-supersymmetric black holes 
[65]. 
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7.1. Canonical approach 

In the canonical approach we need to enumerate the aUowed set of bulk solutions and 
their charge assignments. For the elliptic genus we consider states of the form (anything, R- 
ground state), which have Lq = -j. There are three classes of such states: smooth solutions 
in the effective three dimensional theory; states coming from Kaluza-Klein reduction of the 
higher dimensional supergravity theory; and non-supergravity string/brane states. Some 
members of the first class were discussed above, and we will make a few comments on the 
other types of states later. 

Just as was done on the CFT side (5.23), it is useful to factorize the dependence on 
the potentials. In the gravitational context it is manifest that the stress tensor consists of 
a metric part plus a gauge field part. Suppose we are given a state carrying leftmoving 
charges 

(^o-^,gO = K/)- (7.1) 

We can apply spectral flow to generate the family of states with charges 

c 11 
Lo - — = m + r}iq^ + k^-'rjirjj = m - -/i'^ + -{/i + 2kr)f 

where we are using the same shorthand notation as in (5.25). This class of states will then 
contribute to the elliptic genus as 

x(t, zj) = (-l)^e2--(— ^^')e^,fc(T, zi) , (7.3) 

in terms of the G-function (5.24). Each such spectral flow orbit has a certain degeneracy 
from the number distinct states with these charges. We call this degeneracy c(m — |;/U^), 
where the functional dependence is flxed by the spectral flow invariance, and we also 
include (—1)^ in the deflnition. We can now write down the "polar" part of the elliptic 
genus, that is, the contribution below the black hole threshold: m — < 0. We then 
have 

x'(t, zi) = V' c(m - -y)Q^,k{T, ^,)e2-(— i/^^)- . (7.4) 

In the canonical approach it is easy to write down the polar part of the elliptic genus 
in terms of the degeneracies c(m— \iJ?'). But the full elliptic genus also has a contribution 
from black holes, and these are not easily incorporated since black holes do not correspond 
to individual states of the theory. To incorporate black holes we need to turn to a Euclidean 
path integral, as we do now. 
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7.^. Path integral approach 

In the path integral approach we sum over bulk solutions with fixed boundary condi- 
tions 



The action appearing in (7.5) is the full string/M-theory eflFective action reduced to AdSs, 
though we fortunately do not require its explicit form to compute the elliptic genus. In 
particular, in (7.5) we only sum over stationary points of / since the fluctuations have 
already been incorporated through higher derivative corrections to the action. 

The boundary conditions on the metric are that the boundary geometry is a torus of 
modular parameter r. zj fix the boundary conditions for the gauge potentials. As derived 
in (5.14), the relation is, in conformal gauge. 



Ajyj is not fixed as a boundary condition. Since the potential zj is set to zero in the elliptic 
genus, we also have the boundary condition 



Now we turn to the allowed values of Aj^ and Ap^j^j. The allowed boundary values 
of Ajtjj are determined from the holonomies around the contractible cycle of the AdSa 
geometry. Recall that when we write w = ai + i(72 we are taking cti to be the 27r periodic 
spatial angular coordinate. The corresponding cycle on the boundary torus is contractible 
in the bulk, and so any nonzero holonomy must match onto an appropriate source in order 
to be physical. The holonomy of a charge particle is 






(7.6) 



Aly,=0 . 



(7.7) 




(7.8) 



Choosing a gauge with constant Aj^, we write the allowed values as 



Aiy, = kijii' + 2f]i- — , q'f]i e Z , (7.9) 



where we have written the charge of the source as //^. 



In the same way we can determine the allowed values of Aj^j. In this case we know 
that only geometries with Lq — — contribute to the elliptic genus, and so we do not 
include the spectral flowed geometries as we did above. Instead, we just have 



Aiw = kijp,^ . 



(7.10) 
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Given the gauge fields, we know the exact stress tensor and also the exact currents. 
We can therefore find the action by integrating 



TwwSt + TwwSt H JyjS-^Iw H JyjS-^Iw 



n TT J const 



(7.11) 



as in section 4.4. The result is 

/ = -27rir(Lg-^ - ^) + 27rir(Lg-^ - |) 



(7.12) 



In verifying that (7.12) satisfies (7.11) one has to take care to consider only variations con- 
sistent with the equations of motion and the assumed boundary conditions. We maintain 
fixed holonomies by taking 5Ai^ = —6Arw and SA^^ = —SAj^j^. Also, the variation of the 
complex structure must be taken with the gauge field fixed in the ^-coordinates introduced 
in (2.39). 

The result (7.12) for the action agrees with (6.8) when the geometry is in the ground 
state where Aj^ = —Ap^ and Aj^ = —Aji^j, but it is valid also more generally in the 
presence of charged sources. In fact, it is equivalent to the canonical result discussed in 
section 7.1. To see this we consider again the charge assignments (7.1). Writing Lq = 
Lg^'*'' + Lg"''^^ = Lg^'*^ + Ifj,^ (and analogously for Lq) we insert into (7.12) and find 

/ = -27TiT{m - liJ,^) - ^(// + 2kr]f - 2TTizi{n^ + 2A;^-^77j) - — . (7.13) 

4 2 T2 

Summing over the geometries below the black hole threshold we find 
Xp/(t, zi) = c{m- ^/i^)e"^ 

= e^V' c(m-i/.2)G^,,(T,z,)e2-(— i'^^)- (7-14) 

^ — 'm,/u 4 

= e "2 X (r, zi) , 

where x' is the canonical result (7.4). As in (5.7), the overall exponential factor is precisely 
the one we expect. 

7.3. Including black holes 

Black holes are readily included in the path integral approach since they are just 
rewritten versions of solutions below the black hole threshold. Taking a solution below the 
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black threshold and performing the coordinate transformation w — > generates a black 
hole. Using the manifest invariance of the action under such coordinate transformations, 
the contribution of such a black is then 

xMr,^,)=x'p.(^,^) ■ (7.16) 

On the other hand, from the relation (7.14) between x'pi and x' we have 

Xpi ——; = e ^^'o^+^e -2 x' ——j • 7.16 

\CT + a CT + a J \CT + a CT + a J 

Thus the black hole contribution to x is 

x(t, zi) = e -2 xpi{t, zi) = e '"*-+<i;^' . (7.17) 

\CT + a CT + a J 

The next step is to sum over all inequivalent black holes to get the complete elliptic 
genus. This means summing over the subgroup of F = SL{2, Z) corresponding to in- 
equivalent black holes or, more precisely, distinct ways of labelling the contractible cycle 
in terms of time and space coordinates. As explained in [7] the inequivalent cycles are 
parameterized by F^q \ F; so it seems natural to write 

I:-"^X'(^,^). (7.18) 

roc\r ^ ^ 

However, as emphasized in [7], this cannot be correct since the sum is not convergent. In- 
stead we should compute not the elliptic genus but instead its Farey transform, introduced 
in (5.26). This amounts to first replacing x' by 

X'(r, zj) = c{m - ^//')G^,fc(r, zj)e'^'^^-'^^^'^^ (7.19) 

with c defined as in (5.29). We interpret this as the polar part of a weak Jacobi form of 
weight 3 and index k. Instead of (7.18) we therefore write 

,ir, = E (- + <i)-e-*?.x' (^, j;^) . (7.20) 

roo\r ^ ^ 

7.4.. High temperature behavior 

The high temperature (t2 — > 0) behavior of (7.20) is governed by the free energy of a 
BPS black hole. The leading exponential behavior can be read off from the term 

(c d) = (? V)' ™ = ^^ = °' ^' = ^^'°' (7-21) 
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which gives 



T ' T 



(7.22) 



We can compare with (6.15) by performing the spectral flow zq ^ zq -\- \. This yields 



lnx(T, zi) 



ITlk I-KIZ^ 



(7.23) 



2t t 



Noting that this agrees with the holomorphic part of (6.15), we find that the corresponding 
entropy is is indeed that of a BPS black hole, 



This is just the leading part of the entropy, and is insensitive to the distinction between 
the elliptic genus and its Farey-tail transformed version. 

1.5. Summary 

It is now helpful to summarize what has been achieved so far. In our CFT discussion 
we noted that the CFT elliptic genus^^ is completely determined by the spectrum of BPS 
states below the black hole threshold, and by the algebra of CFT currents. By evaluating 
the Euclidean path integral, we then showed that the AdS elliptic genus has precisely the 
same structure. Thus we have boiled the question of exact agreement of the elliptic genera 
to the comparison of current algebras and BPS states below the black hole threshold. To 
complete the computation these need to be worked out. Some aspects of this problem on 
the AdS side are the subject of the next section. 

8. Computation of BPS spectra 

There are in general two types of BPS states to consider: supergravity states from 
the Kaluza-Klein fluctuation spectrum of the higher dimensional theory reduced to AdSs; 
and branes wrapping cycles of the internal compactiflcation manifold. We do not intend 
to give a full description of either here, and restrict ourselves to sketching some aspects. 

8.1. Supergravity states 

First consider the supergravity fluctuations. The starting point is either eleven di- 
mensional supergravity on AdSs x 5^ x Mg, or IIB supergravity on AdSs x S"^ x M4. 

Here when we say elliptic genus we really mean its Farey tail transform. 




(7.24) 
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For definiteness we focus on the former; the approach in the two cases is very similar. 
After reduction on Mq one has a five dimensional supergravity theory with some number 
of vectormultiplets ny', hypermultiplets uh', and gravitino multiplets ns',^^ in addition to 
the gravity multiplet. The multiplicities of each multiplet are determined by the Hodge 
numbers of Mq, and are sumamrized in Table 1. 



Me 


ns 


nv 


riH 











KS X T2 


2 


22 


42 




6 


14 


14 



Table 1: 5-dimensional supergravity spectra. 



The next step is to expand in harmonics on the S'^, to get an AdSa spectrum of fields. 
The modes appearing in the expansion of each field yields a representation of the symmetry 
group, which includes the subgroup SL{2, ]R)l x SL{2, x SU {2)ji corresponding to the 
AdSs isometrics and the R-symmetry. For the computation of the elliptic genus we just 
need the spectrum of chiral primaries, which are those modes obeying h = ^q^, where 
Lq = h and Jq = are the SL{2,M.)l and SU{2)ji weights. The value oi Lq = h is 
unrestricted by the chiral primary condition, and indeed we can generate a whole tower 
by application of L_i to a lowest h state. The details of the computation of this spectrum 
can be found in [66]^^; we summarize the result in Table 2. Since the chiral primaries form 
multiplets under SL{2,M.)l symmetry, in Table 2 we list the spectrum of single particle 
chiral primaries that are also primary under the leftmoving SL{2,'R); i.e. are annihilated 
by Li. 



Gravitino multiplets are present for Me = or K3 x to capture the extra supersymmetry. 
The earlier references [67,68] give incorrect ranges of h that differ slightly from these. 
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s = h — h 


degeneracy 


range of h = 


1/2 




1/2 3/2 


U 


ny 


1,2, .. . 


-1 

1 


ny 


1,2,... 


1 /O 

-1/2 


ns 


3/2,5/2, . . . 


1 /o 

1/2 


ns 


3/2,5/2, . . . 


d/2 


ns 


1/2,3/2,... 


-1 


1 


2,3,... 





1 


2,3, . . . 


1 


1 


1,2,... 


2 


1 


1,2,... 



Table 2: Spectrum of (non-singleton ) chiral primaries for AdS^ x S'^ x Mq . 

The tower of h values correspond to the tower of spherical harmonics on S'^. This 
spectrum does not include the so-called singletons; we'll come back to this point momen- 
tarily. 

Given this spectrum it is straightforward to work out the elliptic genus as 



prim. 



(8.1) 



where q = e 



2lTiT 



The sum over states includes multiparticle contributions. The result is 



n=l 

where the McMahon function is defined as 

oo 



n+l^ 



(8.2) 



(8.3) 



and "Euler" denotes the Euler number of Mq. 

Now we incorporate the singletons. Singleton modes are pure gauge configurations 
that are nonetheless physical in the presence of the AdSa boundary. To see why, consider 
the case of a U{1) gauge field with Chern-Simons term. The configuration = dwA.{w) 
is formally pure gauge, but from (3.8) it carries the nonzero stress tensor T^^, = ^(5u,A)^, 
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and hence is physical. This is possible because the true gauge transformations must vanish 
at the boundary and it is only those that leave the stress tensor invariant. The singleton 
states are described in the CFT as J_i|0), where J is the current corresponding to A. We 
also have the S'L(2,]R) descendants of these states. 

A similar story holds for singletons associated with diffeomorphisms that are nonvan- 
ishing at the boundary. These correspond to the states I/_2|0) and 5'L(2,R) descendants 
thereof. The explicit form of the diffeomorphisms is given in [6] . 

We can now work out the contribution of the singletons to the elliptic genus of the 
(0, 4) theory. If there are ul leftmoving currents then the contribution of singletons is 



oo 

sing I I 

^NS - 11 (1 _gn)n^ (1 -g-+l) ■ 
n=l ^ -1 / \ -1 / 



(8.4) 



We need to know the number of leftmoving currents, which involves knowing the form 
of the AdSs Chern-Simons terms. These can be worked out from reduction of the eleven 
dimensional theory, and gives 



nL = < 21 K3xT^ . (8.5) 




See [11] for the derivation. 

We find the full result by multiplying (8.2) and (8.4): 



suqra sinq , 

XNS = Xns Xns = \ 



1 

1 K3xT^ (8.6) 



lM(g)-Eulern-^(l_gn)3 CY, 

We find that in the and KS x cases the singletons precisely cancel the dynami- 
cal contribution (8.2). For the CY3 the dependence on ny cancelled. Note that these 
conclusion are a result of cancellations between propagating states from Table 2 and the 
singletons. 

8. 2. Contribution from wrapped branes 

The final ingredient in the computation of the elliptic genus is the contribution from 
wrapped branes. In the (0, 4) theory corresponding to M-theory on AdSs x S'^ x Mq these 
are M2- branes wrapped on 2-cycles of Mq. In [8] it was shown that this computation 
is equivalent to the Gopakumar-Vafa derivation [69] of the topological string partition 
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function from M-theory, and this leads to the connection between the black hole elliptic 
genus and the topological string. The main novelty is that both M2-branes and anti-M2- 
branes turn out to preserve the same supersymmetry when situated at opposite poles of 
the S^. The complete contribution then takes the form of an absolute square, which in 
turn leads to the OSV relation between Zbh and \Ztop\'^- There is much more that can be 
said here, but we refer the reader to [8,62] for more details. 

To bring the story to its logical conclusion, one should now try to make the explicit 
comparison with the (0,4) CFT, analogous to what was done in [70]. This requires an 
explicit result for the CFT elliptic genus, which is not available so far. We again refer the 
reader to the references for what is presently known. 

9. Conclusion 

We hope to have given the reader an understanding of how to compute the entropy 
of an AdSa black hole, and compare with CFT. One main lesson is that the success of 
most of the black hole / CFT entropy comparisons in the literature can be traced back to 
the matching of symmetries and anomalies. This gives a better understanding of why the 
entropies agree, even at the subleading level, and for certain non-supersymmetric black 
holes. We have also sketched the route by which one can hope to make exact comparisons 
between black hole and CFT partition functions, although much work remains to be done 
to bring this program to completion. 

We conclude by mentioning a few open issues. In section 4.3 we discussed how the 
entropies of fundamental heterotic strings can be deduced from a gravitational computa- 
tion. The reader might be puzzled as to why we didn't also consider the seemingly simpler 
example of type II fundamental strings. In fact, the type II case, rather than being simpler, 
is enigmatic. From the point of view of higher derivative terms in the spacetime action, the 
difference between the two cases is that corrections are absent in the type II case. But 
it is such terms that resolve the naked singularity of the heterotic string, replacing it 
by a finite size horizon. One also sees a crucial difference in our anomaly based approach. 
In the type II case spacetime rotations couple non-chirally to the string worldsheet, hence 
there is no anomaly inflow mechanism by which one can deduce the central charges. We 
are therefore unable to compute the entropy on the gravitational side. It is an important 
open problem as to whether higher derivative terms (e.g. i?^ terms) resolve the naked 
singularity of the type II string, and whether the microscopic entropy can be reproduced. 

Finally, one of the main motivations for undertaking an extensive study of black 
entropy in string theory is to shed light on the resolution of the information paradox. The 
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success of the AdS/CFT correspondence is usually interpreted to mean that there is no 
information loss, since the boundary CFT has manifestly unitary evolution, and so one can 
in principle track the explicit time evolution of any given microstate. A truly satisfying 
resolution of the information paradox will involve providing an analogous description in 
the bulk. In the context of the computations described here, we would like to be able to 
compute the AdS partition functions via an explicit sum over bulk states. The tools for 
such a computation are currently being developed in the context of deriving bulk states 
dual to CFT microstates (for reviews see [64,71]). It will be very illuminating to see how 
the same AdS partition function can be computed either by summing over black hole 
geometries, or by enumerating individual bulk states. 
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